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!BSTRACT¯4HIS¯ PAPER¯ DEALS¯WITH¯ THE¯ EXTRACTION¯ OF¯ INPUTOUTPUT¯ EQUATIONS¯ THAT
DESCRIBE¯ A¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯4HIS¯ IS¯ DONE¯ BY¯ ASSOCIATING¯ A¯$IRAC
STRUCTURE¯TO¯THE¯GENERALIZED¯JUNCTION¯STRUCTURE¯3INCE¯ANY¯$IRAC¯STRUCTURE¯ADMITS
A¯ HYBRID¯ INPUTOUTPUT¯ REPRESENTATION¯ THE¯ INPUTOUTPUT¯ EQUATIONS¯ FOR¯ THE
GENERALIZED¯ JUNCTION¯ STRUCTURE¯ CAN¯ BE¯ FOUND¯ 4HE¯ TOOLS¯ NECESSARY¯ FOR¯ THE
MANIPULATION¯OF¯ THESE¯ EQUATIONS¯ARE¯ALSO¯DEVELOPED¯!N¯ALGORITHM¯ FOR¯ PRACTICAL
EXTRACTION¯ OF¯ THESE¯ EQUATIONS¯ IS¯ GIVEN¯ !LSO¯ IT¯ IS¯ ANALYZED¯ WHEN¯ A¯ GENERAL
JUNCTION¯ STRUCTURE¯ IS¯ SINGULAR¯ AND¯ AN¯ ALGORITHM¯ FOR¯ REDUCING¯ A¯ SINGULAR
GENERALIZED¯JUNCTION¯STRUCTURE¯TO¯A¯NONSINGULAR¯ONE¯IS¯PROVIDED
+EYWORDS¯ .ETWORK¯ MODELING¯ OF¯ PHYSICAL¯ SYSTEMS¯ ’ENERALIZED¯ BOND¯ GRAPHS¯ $IRAC
STRUCTURES
-ATHEMATICS¯3UBJECT¯#LASSIFICATION¯’¯(¯!¯"¯#
 ’ENERAL¯)NTRODUCTION
"OND¯GRAPH¯THEORY¯INTRODUCED¯BY¯0AYNTER¯IN¯¯IS¯A¯POWERFUL¯AND¯ELEGANT¯WAY¯OF
PHYSICAL¯SYSTEM¯MODELING¯;=¯;=¯;=¯4HIS¯TECHNIQUE¯IS¯GRAPHICALLY¯ORIENTED¯AND¯ITS
OUTCOME¯ THE¯ BOND¯ GRAPH¯ MODEL¯ REPRESENTS¯ A¯ MULTIPORT¯ SYSTEM¯ INVOLVING¯ ENERGY
FLOWS¯4HIS¯APPROACH¯SUPPORTS¯ONE¯OF¯THE¯MOST¯IMPORTANT¯CONCEPTS¯IN¯PHYSICAL¯SYSTEM
THEORY¯ THE¯ CONCEPT¯ OF¯ WHAT¯ 0AYNTER¯ CALLS¯ kRETICULATIONl¯ AND¯ +RON¯ kTEARINGl¯ )T
MEANS¯ THAT¯ IT¯ IS¯ POSSIBLE¯ TO¯ CONCENTRATE¯ AND¯ TO¯ SEPARATE¯ CERTAIN¯ PROPERTIES¯ OF¯ AN
OBJECT¯ AND¯ TO¯ DESCRIBE¯ THAT¯ OBJECT¯ AS¯ A¯ SYSTEM¯ OF¯ INTERCONNECTED¯ ELEMENTS¯ ;=¯4HE
BOND¯ GRAPH¯ FORMALISM¯ USED¯ HERE¯ IS¯ BASED¯ ON¯ A¯ CLASSIFICATION¯ OF¯ PHYSICAL¯ VARIABLES
ROOTED¯ IN¯ THERMODYNAMICS¯ ;=¯ ;=¯ 4HIS¯ LEADS¯ TO¯ THE¯ GENERALIZED¯ BOND¯ GRAPH
FORMALISM¯;=¯BASED¯ON¯ABSTRACTION¯OF¯THE¯ELEMENTS¯OF¯A¯NETWORK¯AND¯THE¯SYSTEMATIC
USE¯OF¯A¯UNIT¯GYRATOR¯CALLED¯SYMPLECTIC¯GYRATOR¯4HE¯NETWORK¯STRUCTURE¯OF¯GENERALIZED
BOND¯GRAPH¯TOPOLOGY¯OF¯ENERGY¯FLOW	¯CALLED¯GENERALIZED¯JUNCTION¯STRUCTURE¯DISPLAYS
THE¯INVARIANTS¯OF¯A¯PHYSICAL¯SYSTEM¯ACCORDING¯TO¯4ELLEGENjS¯AND¯+IRCHHOFFjS¯THEOREMS
FOR¯NETWORKS¯BUT¯CORRESPONDS¯TO¯AN¯ADDITIONAL¯ABSTRACTION¯LEVEL¯;=
4HIS¯PAPER¯AND¯ITS¯SUCCESSOR¯AIM¯TO¯GIVE¯A¯GEOMETRIC¯FORMULATION¯OF¯GENERALIZED¯BOND
GRAPHS¯4HE¯IDEA¯TO¯TREAT¯GENERALIZED¯BOND¯GRAPHS¯IN¯THIS¯WAY¯IS¯NOT¯NEW¯)T¯HAS¯BEEN
SHOWN¯BEFORE¯ THAT¯ THERE¯ EXISTS¯A¯ STRONG¯ RELATION¯BETWEEN¯ THE¯ GEOMETRIC¯ STRUCTURES¯ OF
ANALYTICAL¯ MECHANICS¯ SUCH¯ AS¯ SYMPLECTIC¯ FORMS¯ ;¯ =¯ 0OISSON¯ STRUCTURES¯ ;=¯ AND
GENERALIZED¯JUNCTION¯STRUCTURES¯!LSO¯IT¯HAS¯BEEN¯SHOWN¯THAT¯IF¯THE¯GENERALIZED¯JUNCTION
STRUCTURE¯ CAN¯ BE¯ RELATED¯ TO¯ A¯ 0OISSON¯ STRUCTURE¯ THEN¯ THE¯ GENERALIZED¯ BOND¯ GRAPH¯ IS
RELATED¯TO¯A¯PORT¯CONTROLLED¯(AMILTONIAN¯SYSTEM¯WITH¯DISSIPATION¯;=¯;=¯(ERE¯FOR¯THE
FIRST¯TIME¯WE¯EXPLICITLY¯SHOW¯THAT¯A¯GENERALIZED¯JUNCTION¯STRUCTURE¯CAN¯BE¯ALWAYS¯RELATED
TO¯ A¯ $IRAC¯ STRUCTURE¯ WHICH¯ IS¯ A¯ GENERAL¯ REPRESENTATION¯ OF¯ A¯ POWER¯ CONSERVING
INTERCONNECTION¯STRUCTURE¯OF¯A¯PHYSICAL¯SYSTEM¯AND¯WHICH¯IS¯TREATED¯IN¯DETAILS¯ IN¯;=
;=¯ ;=¯"ASED¯ON¯THIS¯WE¯ALSO¯PROVE¯THAT¯A¯GENERALIZED¯BOND¯GRAPH¯CAN¯BE¯ALWAYS
RELATED¯TO¯AN¯ IMPLICIT¯PORT¯CONTROLLED¯(AMILTONIAN¯ SYSTEM¯WITH¯DISSIPATION¯DEFINED¯ IN
;=¯;=
4HE¯GEOMETRIC¯TREATMENT¯OF¯GENERALIZED¯BOND¯GRAPHS¯IS¯NOT¯ONLY¯AN¯ELEGANT¯BUT¯ALSO¯A
POWERFUL¯ TOOL¯ FOR¯ THE¯ ANALYSIS¯ OF¯ GENERALIZED¯BOND¯ GRAPHS¯ AND¯ FOR¯ THE¯ DERIVATION¯ OF
EQUATIONS¯ SUITABLE¯ FOR¯ NUMERICAL¯ SIMULATION¯ !¯ LOT¯ OF¯ EFFORT¯ HAS¯ BEEN¯ INVESTED¯ IN
SOLVING¯THESE¯TWO¯PROBLEMS¯!¯THOROUGH¯OVERVIEW¯OF¯PROPOSED¯SOLUTIONS¯CAN¯BE¯FOUND
IN¯;=¯!¯COMMON¯FEATURE¯OF¯THE¯PROPOSED¯SOLUTIONS¯IS¯THAT¯TO¯EVERY¯PORT¯OF¯A¯NODE¯OF
A¯GENERALIZED¯BOND¯GRAPH¯BESIDES¯THE¯POWER¯DIRECTION¯ TWO¯DIRECTIONS¯ARE¯ASSOCIATED
CALLED¯EFFORT¯DIRECTION¯AND¯FLOW¯DIRECTION¯4HE¯EFFORT¯DIRECTION¯AND¯THE¯FLOW¯DIRECTION
ARE¯OPPOSITE¯ TO¯ EACH¯OTHER¯ AND¯ARE¯KNOWN¯ TOGETHER¯ AS¯ THE¯ CAUSALITY¯ OF¯ THE¯PORT¯!
PORT¯ EQUIPPED¯ WITH¯ THESE¯ DIRECTIONS¯ IS¯ CALLED¯ AN¯ AUGMENTED¯ PORT¯ 4HE¯ POSSIBLE
CAUSALITY¯OF¯A¯PORT¯DEPENDS¯ON¯THE¯TYPE¯OF¯ELEMENTS¯IT¯ADJOINS¯4HIS¯LEADS¯TO¯CERTAIN
RULES¯ THAT¯ HAVE¯ TO¯ BE¯ OBEYED¯ 4HE¯ DEFINITIONS¯ OF¯ THESE¯ RULES¯ AND¯ THE¯ SEARCH¯ FOR
PROCEDURES¯THAT¯ASSIGN¯CAUSALITY¯TO¯GENERALIZED¯BOND¯GRAPH¯HAVE¯BEEN¯INVESTIGATED¯IN
MANY¯PAPERS¯;=¯;¯¯¯=¯;=¯;¯¯=¯;¯=¯;¯=¯;=¯4HE¯IDEA¯OF¯OUR
APPROACH¯ IS¯ SIMILAR¯ TO¯ THE¯ PREVIOUS¯ ONES¯ IN¯ THE¯ SENSE¯ THAT¯WE¯ ALSO¯WANT¯ TO¯ ASSIGN
CAUSALITY¯TO¯A¯GENERALIZED¯BOND¯GRAPH¯(OWEVER¯IT¯DIFFERS¯FROM¯THE¯PREVIOUS¯ONES¯IN
THE¯SENSE¯THAT¯IT¯DOES¯NOT¯STRIVE¯FOR¯A¯SEQUENTIAL¯CAUSALITY¯ASSIGNMENT¯PROCEDURE¯ FOR
THE¯ ASSIGNING¯ CAUSALITY¯ OF¯ A¯ GENERALIZED¯ BOND¯ GRAPH¯BUT¯ INSTEAD¯ FOR¯ AN¯ EQUIVALENCE
TRANSFORMATION¯OF¯THE¯GENERALIZED¯JUNCTION¯STRUCTURE¯/UR¯APPROACH¯ IS¯MORE¯EFFICIENT
WITH¯RESPECT¯TO¯THE¯PREPARATION¯FOR¯THE¯NUMERICAL¯SIMULATION¯THAN¯OTHER¯TECHNIQUES
4HERE¯ARE¯NO¯MULTIPLE¯SOLUTIONS¯AND¯THERE¯IS¯NO¯NEED¯FOR¯INTRODUCING¯SO¯CALLED¯BREAK
VARIABLES¯!LSO¯IT¯FEATURES¯AN¯EASY¯IMPLEMENTATION¯AND¯IT¯CAN¯BE¯APPLIED¯TO¯ANY¯TYPE
OF¯GENERALIZED¯JUNCTION¯STRUCTURE
3YSTEMATIC¯ PROCEDURES¯ FOR¯ CONSTRUCTING¯ GENERALIZED¯ BOND¯ GRAPH¯ MODELS¯ OF¯ PHYSICAL
SYSTEMS¯LEAD¯IN¯MANY¯CASES¯TO¯GENERALIZED¯BOND¯GRAPH¯MODELS¯CONTAINING¯DEPENDENT
STATES¯ !LTHOUGH¯ THE¯ SIMULATION¯ OF¯ A¯ GENERALIZED¯ BOND¯ GRAPH¯ MODEL¯ CONTAINING
DEPENDENT¯STATES¯CAN¯BE¯CARRIED¯OUT¯BY¯MEANS¯OF¯ IMPLICIT¯NUMERICAL¯TECHNIQUES¯;=
THE¯ COMPUTATIONAL¯ BURDEN¯ IS¯ SIGNIFICANTLY¯ INCREASED¯ 7E¯ PROPOSE¯ METHODS¯ FOR¯ THE
ELIMINATION¯ OF¯ DEPENDENT¯ STATES¯ IN¯ A¯ GENERALIZED¯ BOND¯ GRAPH¯ MODEL¯ 7E¯ ALSO
INVESTIGATE¯ EXISTENCE¯ OF¯ DYNAMIC¯ INVARIANTS¯ IN¯ GENERALIZED¯ BOND¯ GRAPHS¯ )N¯ GENERAL
GENERALIZED¯BOND¯GRAPHS¯CONTAINING¯DYNAMIC¯INVARIANTS¯BUT¯NO¯DEPENDENT¯STATES¯CAN
BE¯ SIMULATED¯ BY¯MEANS¯ OF¯ EXPLICIT¯ NUMERICAL¯ TECHNIQUES¯(OWEVER¯ THE¯ EXISTENCE¯ OF
DYNAMIC¯ INVARIANTS¯ SHOULD¯ BE¯ EXPLICITLY¯ TAKEN¯ INTO¯ ACCOUNT¯ IN¯ ORDER¯ TO¯ AVOID¯ AN
EVENTUAL¯ INCREASE¯OF¯ INACCURACY¯OF¯THE¯NUMERICAL¯ SIMULATIONS¯7E¯PROPOSE¯A¯METHOD
FOR¯THE¯ELIMINATION¯OF¯DYNAMIC¯INVARIANTS
 )NTRODUCTION
)T¯ HAS¯ OFTEN¯ BEEN¯ OBSERVED¯ THAT¯ THE¯ FINDING¯ OF¯ AN¯ APPROPRIATE¯ DESCRIPTION¯ OF¯ A
GENERALIZED¯ JUNCTION¯STRUCTURE¯ IS¯ THE¯MAIN¯PROBLEM¯FOR¯ THE¯ANALYSIS¯OF¯A¯GENERALIZED
BOND¯ GRAPH¯ AND¯ FOR¯ THE¯ EXTRACTION¯ OF¯ EQUATIONS¯ SUITABLE¯ FOR¯ NUMERICAL¯ SIMULATION
4HIS¯ PAPER¯ DEALS¯ WITH¯ THE¯ EXTRACTION¯ OF¯ INPUTOUTPUT¯ EQUATIONS¯ DESCRIBING¯ A
GENERALIZED¯ JUNCTION¯ STRUCTURE¯ !LSO¯ THE¯ TOOLS¯ NECESSARY¯ FOR¯ MANIPULATION¯ OF¯ THESE
EQUATIONS¯ARE¯DEVELOPED¯4HE¯IDEA¯FOR¯THE¯METHOD¯OF¯EXTRACTION¯OF¯THESE¯EQUATIONS¯IS
BASED¯ON¯THE¯ FACT¯ THAT¯A¯$IRAC¯ STRUCTURE¯CAN¯BE¯ RELATED¯TO¯ THE¯GENERALIZED¯ JUNCTION
STRUCTURE¯3INCE¯A¯$IRAC¯ STRUCTURE¯ADMITS¯A¯HYBRID¯ INPUTOUTPUT¯ REPRESENTATION¯ THE
DESIRED¯EQUATIONS¯ARE¯FOUND
4HIS¯ PAPER¯ IS¯ ORGANIZED¯ IN¯ THE¯ FOLLOWING¯ WAY¯ )N¯ SECTION¯ ¯ THE¯ DEFINITIONS¯ OF
GENERALIZED¯ BOND¯ GRAPHS¯ AND¯ GENERALIZED¯ JUNCTION¯ STRUCTURES¯ ARE¯ RECALLED¯ !LSO¯ THE
CLASSIFICATION¯ OF¯ PORTS¯ ACCORDING¯ TO¯ THE¯ TYPE¯ AND¯ TO¯ THE¯ INVERTIBILITY¯ OF¯ CONSTITUTIVE
RELATIONS¯ IS¯ EXPLAINED¯ )N¯3ECTION¯¯ THE¯DEFINITIONS¯OF¯ CONSTANT¯$IRAC¯ STRUCTURES¯ AND
$IRAC¯STRUCTURES¯ON¯A¯DIFFERENTIABLE¯MANIFOLD¯ARE¯RECALLED¯4HE¯VARIOUS¯REPRESENTATIONS
OF¯ $IRAC¯ STRUCTURES¯ IN¯ TERMS¯ OF¯ SOME¯ STRUCTURAL¯ MATRICES¯ ARE¯ PRESENTED¯ !N
EQUIVALENCE¯RELATION¯BETWEEN¯$IRAC¯STRUCTURES¯IS¯PROPOSED¯AND¯THE¯RESULT¯CONCERNING
THE¯COMPOSITIONALITY¯PROPERTIES¯OF¯$IRAC¯STRUCTURES¯IS¯RECALLED¯)N¯SECTION¯¯THE¯MAIN
RESULT¯OF¯THIS¯PAPER¯IS¯PRESENTED¯)N¯SUBSECTION¯¯IT¯IS¯PROVED¯THAT¯A¯$IRAC¯STRUCTURE
CAN¯BE¯ALWAYS¯RELATED¯TO¯A¯GENERALIZED¯JUNCTION¯STRUCTURE¯(OW¯THAT¯CAN¯BE¯DONE¯IN¯A
PRACTICAL¯WAY¯IS¯ SHOWN¯ IN¯SECTION¯¯!LSO¯ THE¯TOOLS¯ FOR¯MANIPULATION¯OF¯EQUATIONS
DESCRIBING¯ A¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ ARE¯ DEVELOPED¯ &INALLY¯ SINGULAR
GENERALIZED¯JUNCTION¯STRUCTURES¯ARE¯DEFINED¯AND¯SUFFICIENT¯AND¯NECESSARY¯CONDITIONS¯FOR
A¯GENERALIZED¯JUNCTION¯STRUCTURE¯NOT¯BEING¯SINGULAR¯ARE¯GIVEN
.OTATION
&¯ ¯ SET¯ OF¯ POWER¯ DISCONTINUOUS¯ ELEMENTS¯ STORAGE¯ MULTIPORTS¯ #	¯ DISSIPATIVE
MULTIPORTS¯2	¯AND¯SOURCES¯3E¯3F		
9¯9¯9¯SET¯OF¯JUNCTIONS¯SET¯OF¯JUNCTIONS¯SET¯OF¯JUNCTIONS¯RESPECTIVELY
D¯D¯D¯¯AN¯ELEMENT¯OF¯THE¯SET¯999¯RESPECTIVELY
5¯54&¯5'9¯¯SET¯OF¯TRANSDUCERS¯SET¯OF¯TRANSFORMERS¯SET¯OF¯GYRATORS¯RESPECTIVELY
U¯U4&¯U'9¯¯AN¯ELEMENT¯OF¯THE¯SET¯554&5'9¯RESPECTIVELY
#¯¯SET¯OF¯BONDS
C¯¯AN¯ELEMENT¯OF¯THE¯SET¯#
1¯¯SET¯OF¯PORTS
Q¯¯AN¯ELEMENT¯OF¯THE¯SET¯1
R ¯¯SET¯OF¯REAL¯NUMBERS
N ¯¯SET¯OF¯NATURAL¯NUMBERS
 ’ENERALIZED¯"OND¯’RAPHS¯’ENERALIZED¯*UNCTION¯3TRUCTURE
4HIS¯ SECTION¯ STARTS¯ WITH¯ RECALLING¯ THE¯ DEFINITION¯ OF¯ GENERALIZED¯ BOND¯ GRAPHS¯ AS¯ THE
GENERAL¯STRUCTURE¯OF¯POWER¯CONTINUOUS¯INTERCONNECTION¯IN¯BOND¯GRAPH¯MODELS¯;=¯;=
;=¯;=¯4HE¯NOTATION¯THAT¯WILL¯BE¯USED¯IN¯THE¯SEQUEL¯CONCERNING¯THE¯CLASSIFICATION¯OF
ELEMENTS¯AND¯PORTS¯IS¯INTRODUCED
 ’ENERALIZED¯"OND¯’RAPH
4HE¯ BASIC¯ IDEA¯ BEHIND¯ THE¯ ’ENERALIZED¯ "OND¯ ’RAPH¯ ’"’	¯ FRAMEWORK¯ IS¯ THE
DECOMPOSITION¯OF¯CONVENTIONAL¯PHYSICAL¯DOMAINS¯EG¯MECHANICAL¯OR¯ELECTRICAL	¯WHICH
HAVE¯ TWO¯ TYPES¯OF¯ STORAGE¯ INTO¯NEW¯DOMAINS¯WHICH¯HAVE¯ONLY¯ONE¯ TYPE¯OF¯ STORAGE
EG¯ THE¯MECHANICAL¯DOMAIN¯ IS¯DECOMPOSED¯ INTO¯A¯KINETIC¯AND¯A¯POTENTIAL¯DOMAIN	
;=¯!¯GENERIC¯GENERALIZED¯BOND¯GRAPH¯IS¯SHOWN¯IN¯&IGURE¯¯(ERE¯ C ¯STANDS¯FOR¯THE
COLLECTION¯OF¯#MULTIPORTS¯ R ¯STANDS¯FOR¯THE¯COLLECTION¯OF¯DISSIPATIVE¯MULTIPORTS¯ Sˆ
STANDS¯FOR¯THE¯COLLECTION¯OF¯EFFORT¯SOURCES¯ S˜¯STANDS¯FOR¯THE¯COLLECTION¯OF¯FLOW¯SOURCES
AND¯GJS ¯STANDS¯FOR¯’ENERALIZED¯*UNCTION¯3TRUCTURE¯’*3	¯4HE¯GENERALIZED¯JUNCTION
STRUCTURE¯ IS¯ COMPOSED¯ OF¯ THE¯ FOLLOWING¯ ELEMENTS¯ JUNCTIONS¯ JUNCTION¯ JUNCTION	
AND¯TRANSDUCERS¯TRANSFORMER¯AND¯GYRATOR	
GJS
R
C
S
S
&IGURE¯¯’ENERIC¯GENERALIZED¯BOND¯GRAPH
3OME¯DEFINITIONS¯REGARDING¯BASIC¯LINKS¯ARE¯GIVEN¯BELOW
$EFINITION¯¯0LINK	
!¯0LINK¯IS¯A¯PATH¯OF¯LENGTH¯ONE¯BETWEEN¯TWO¯JUNCTIONS
$EFINITION¯¯4&LINK	
!¯4&LINK¯IS¯A¯PATH¯OF¯LENGTH¯TWO¯BETWEEN¯TWO¯JUNCTIONS¯VIA¯A¯TRANSFORMER
$EFINITION¯¯’9LINK	
!¯’9LINK¯IS¯A¯PATH¯OF¯LENGTH¯TWO¯BETWEEN¯TWO¯JUNCTIONS¯VIA¯A¯GYRATOR
$EFINITION¯¯"ASIC¯LINKS	
!¯BASIC¯LINK¯IS¯A¯LINK¯THAT¯IS¯EITHER¯0LINK¯OR¯4&LINK¯OR¯’9LINK
$EFINITION¯¯$IRECT¯CONNECTION	
4WO¯JUNCTIONS¯ARE¯DIRECTLY¯CONNECTED¯IF¯THERE¯IS¯A¯BASIC¯LINK¯BETWEEN¯THEM
.OW¯WE¯GIVE¯THE¯DEFINITION¯OF¯THE¯CLASS¯OF¯GENERALIZED¯BOND¯GRAPHS¯CONSIDERED¯HERE
!SSUMPTION¯¯#LASS¯OF¯’"’	
4HE¯CLASS¯OF¯GENERALIZED¯BOND¯GRAPHS¯CONSIDERED¯HERE¯SATISFIES¯THE¯FOLLOWING¯CONDITIONS
;!SA= %VERY¯BOND¯ALWAYS¯JOINS¯AT¯LEAST¯ONE¯JUNCTION
;!SB= 4HE¯NUMBER¯OF¯PARALLEL¯BASIC¯LINKS¯BETWEEN¯ANY¯TWO¯JUNCTIONS¯IS¯SMALLER¯OR¯EQUAL
THAN¯ONE
;!SC= 4HE¯VERTICES¯OF¯A¯0LINK¯ARE¯ALWAYS¯DIFFERENT¯TYPES¯OF¯JUNCTIONS
;!SD= .O¯BASIC¯LINK¯OF¯’"’¯JOINS¯A¯JUNCTION¯TO¯ITSELF
;!SE= 4HE¯TRANSDUCERS¯CAN¯BE¯MODULATED¯ONLY¯BY¯THE¯STATES¯OF¯STORAGE¯MULTIPORTS
;!SF= 4HE¯ RATIO¯ OF¯ A¯ MODULATED¯ TRANSDUCER¯ IS¯ A¯ SMOOTH¯ FUNCTION¯ OF¯ THE¯ STATES¯ OF
STORAGE¯MULTIPORTS
2EMARK¯¯#LASS¯OF¯’"’	
)F¯ A¯’"’¯DOES¯ NOT¯ SATISFY¯ ANY¯ OF¯ ;!SA=;!SD=¯ THEN¯ IT¯ CAN¯ BE¯ TRANSFORMED¯ INTO¯ A
’"’¯SATISFYING¯THOSE¯CONDITIONS¯BY¯USING¯BASIC¯EQUIVALENCE¯OPERATIONS¯;=¯;=¯;=
;=¯ ;=¯4HE¯ CONDITION¯ ;!SE=¯ ENSURES¯ THAT¯ THE¯ AMBIGUITY¯ OF¯ INTERNAL¯MODULATION¯ OF
TRANSFORMERS¯ AND¯GYRATORS¯ IS¯ AVOIDED¯ SEE¯ ;=¯ PP¯ 	¯ )N¯ THIS¯WAY¯ THE¯ PRINCIPLE¯ OF
MODULARITY¯IS¯ALSO¯PRESERVED
 ’ENERALIZED¯JUNCTION¯STRUCTURE
4HE¯PART¯OF¯A¯GENERALIZED¯BOND¯GRAPH¯THAT¯CONTAINS¯TOPOLOGICAL¯INFORMATION¯IS¯KNOWN
AS¯THE¯GENERALIZED¯JUNCTION¯STRUCTURE¯4HE¯GENERALIZED¯JUNCTION¯STRUCTURE¯IS¯COMPOSED
OF¯ ALL¯ POWER¯ CONTINUOUS¯ NONENTROPIC¯ MULTIPORT¯ ELEMENTS¯ SUCH¯ AS¯ JUNCTIONS¯ AND
TRANSDUCERS¯;=
!¯PICTORIAL¯REPRESENTATION¯OF¯A¯GENERALIZED¯JUNCTION¯STRUCTURE¯WITH¯PORTS¯DENOTED¯WITH
p ¯WITHOUT¯ORIENTATION	¯IS¯SHOWN¯IN¯&IGURE¯¯4HE¯PORTS¯REPRESENT¯THE¯CONNECTIONS¯OF
THE¯’*3¯ TO¯ THE¯POWER¯DISCONTINUOUS¯MULTIPORTS¯!LSO¯ SINCE¯ THE¯ CONDITION¯ ;!SA=¯ IS
SATISFIED¯A¯PORT¯ALWAYS¯JOINS¯A¯JUNCTION
GJS p
ports
&IGURE¯¯’ENERIC¯GENERALIZED¯JUNCTION¯STRUCTURE
7ITH¯ANY¯BOND¯TWO¯POWER¯VARIABLES¯ARE¯ASSOCIATED¯THE¯FLOW¯AND¯ITS¯DUAL¯CONJUGATE	
VARIABLE¯THE¯EFFORT¯"ELOW¯THE¯DEFINITIONS¯OF¯PORT¯VARIABLES¯AND¯INTERNAL¯VARIABLES¯ARE
GIVEN
$EFINITION¯¯0ORT¯VARIABLES	
0ORT¯VARIABLES¯ARE¯POWER¯VARIABLES¯ASSOCIATED¯WITH¯PORT¯p 
$EFINITION¯¯)NTERNAL¯VARIABLES	
)NTERNAL¯VARIABLES¯ARE¯POWER¯VARIABLES¯ASSOCIATED¯WITH¯BOND¯THAT¯DOES¯NOT¯ JOIN¯POWER
DISCONTINUOUS¯ELEMENTS
3INCE¯THE¯PORT¯VARIABLES¯DENOTED¯BY¯ F ¯FLOW	¯AND¯E ¯EFFORT	¯ARE¯DUAL¯VARIABLES¯WE¯CAN
DEFINE¯THE¯DUALITY¯PRODUCT¯ \E F ¯AS¯THE¯REPRESENTATION¯OF¯POWER¯4HE¯DUALITY¯PRODUCT
IS¯GIVEN¯BY
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(ERE¯N ¯IS¯THE¯NUMBER¯OF¯THE¯PORTS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F E ¯REPRESENT¯THE¯POWER¯VARIABLES¯OF¯THE¯PORTS¯LEAVING¯IN¯A¯’*3¯AND¯LET¯
IN IN
F E
REPRESENT¯THE¯POWER¯VARIABLES¯OF¯PORTS¯ENTERING¯IN¯THE¯’*3¯4HEN¯	¯CAN¯BE¯REWRITTEN
AS
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4HEREFORE¯ THE¯DUALITY¯PRODUCT¯ REPRESENTS¯ THE¯DIFFERENCE¯BETWEEN¯ THE¯OUTGOING¯ POWER
AND¯THE¯INCOMING¯POWER
4HE¯MAIN¯FEATURE¯OF¯THE¯’*3¯IS¯POWER¯CONTINUITY¯IE¯A¯ZERO¯POWER¯BALANCE¯AT¯ITS¯PORT
THAT¯IS¯ \ E F ¯4HEREFORE¯THE¯’*3¯RELATES¯THE¯FLOWS¯ F ¯AND¯THE¯EFFORTS¯E ¯OF¯THE
PORTS ¯TO¯EACH¯OTHER¯4HOSE¯RELATIONS¯WILL¯BE¯CALLED¯INTERCONNECTION¯RELATIONS¯)N¯SECTION
¯IS¯SHOWN¯HOW¯THE¯INTERCONNECTION¯RELATIONS¯CAN¯BE¯PRACTICALLY¯DETERMINED
,ET¯US¯CONSIDER¯A¯’*3¯SUCH¯THAT¯THE¯PORT¯
I
Q ¯IS¯ENTERING¯IN¯THE¯’*3¯AND¯IT¯JOINS¯A¯
JUNCTION¯&IGURE¯A ¯OR¯IT¯JOINS¯A¯JUNCTION¯&IGURE¯B ¯4HEN¯IT¯CAN¯BE¯REPLACED¯BY¯
I
Q
THAT¯IS¯OUTGOING¯WITH¯RESPECT¯TO¯THE¯’*3¯AS¯SHOWN¯IN¯&IGURE¯C ¯RESPECTIVELY¯&IGURE
D ¯4HUS¯WE¯CAN¯ASSUME¯THAT¯ALL¯PORTS¯ARE¯OUTGOING¯WITH¯RESPECT¯TO¯’*3¯!S¯A¯RESULT
WE¯CAN¯ASSUME¯THAT¯THE¯DUALITY¯PRODUCT¯IS¯GIVEN¯BY
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&IGURE¯¯#HANGING¯THE¯DIRECTION¯OF¯PORTS
#ONSIDER¯A¯GENERALIZED¯JUNCTION¯STRUCTURE¯TOGETHER¯WITH¯THE¯PORTS¯p

¯AND¯p

¯AS¯SHOWN
IN¯&IGURE¯A ¯4HE¯COMBINATION¯p

¶SGY¶BOND¶SGY¶BOND¯REPLACES¯p

¯AS¯SHOWN
IN¯&IGURE¯B ¯(ERE¯ SGY ¯STANDS¯FOR¯THE¯SYMPLECTIC¯GYRATOR¯SEE¯EG¯;=¯PP¯	¯4HE
PART¯ENCIRCLED¯BY¯THE¯DOTTED¯LINE¯REPRESENTS¯A¯NEW¯GENERALIZED¯JUNCTION¯STRUCTURE¯WITH
PORTS¯

p ¯ AND¯p

¯ &IGURE¯ C 	¯ 4HEREFORE¯ THE¯ EFFORT¯ RESPECTIVELY¯ THE¯ FLOW¯ OF¯p

¯ IS
EQUAL¯TO¯THE¯FLOW¯RESPECTIVELY¯THE¯EFFORT¯OF¯

p ¯4HIS¯PROCEDURE¯IS¯CALLED¯THE¯PARTIAL
DUALIZATION¯PROCEDURE¯APPLIED¯TO¯p
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 #LASSIFICATION¯OF¯PORTS
#ONSIDER¯A¯PORT¯Q¯AND¯ITS¯ASSOCIATED¯POWER¯VARIABLES¯ F E ¯,ET
	 
  F E’ 8  	
DENOTE¯ A¯ RELATION¯ BETWEEN¯ E¯ AND¯ F¯ IMPOSED¯ BY¯ A¯ POWER¯ DISCONTINUOUS¯ ELEMENT
HEREAFTER¯THIS¯RELATION¯WILL¯BE¯CALLED¯CONSTITUTIVE¯RELATION	¯(ERE¯8 ¯CONTAINS¯ALL¯OTHER
POWER¯VARIABLES¯AND¯THE¯STATES¯OF¯#MULTIPORTS¯ ENERGY¯VARIABLES	¯4HE¯PORT¯ CAN¯BE
CLASSIFIED¯ IN¯ TWO¯ WAYS¯ ACCORDING¯ TO¯ THE¯ TYPE¯ OF¯ THE¯ CONSTITUTIVE¯ RELATION¯ AND
ACCORDING¯TO¯THE¯INVERTIBILITY¯OF¯THE¯CONSTITUTIVE¯RELATION
!CCORDING¯TO¯THE¯TYPE¯OF¯THE¯CONSTITUTIVE¯RELATIONS¯THE¯SET¯OF¯PORTS¯1 ¯IS¯SPLIT¯AS
3E # 2 3F1  1 1 1 1U U U 
)F¯ Q ¯ REPRESENTS¯ THE¯ CONNECTION¯ TO¯ 3E¯ MULTIPORT¯ THEN¯ 3EQ  1 ¯ AND¯ SIMILARLY¯ FOR
# 2 3F 1 1 1 
!CCORDING¯TO¯THE¯INVERTIBILITY¯OF¯THE¯CONSTITUTIVE¯RELATIONS¯1 ¯IS¯SPLIT¯AS
&% $% ! &&1  1 1 1 1U U U 
(ERE¯&&¯&%¯$%¯!¯ARE¯ABBREVIATIONS¯FOR¯&IXED¯&LOW¯&IXED¯%FFORT¯0REFERRED¯%FFORT¯AND
!RBITRARY¯RESPECTIVELY¯4HE¯DEFINITION¯OF¯THE¯SETS¯ &% $% ! &&  1 1 1 1 ¯IS¯GIVEN¯IN¯4ABLE¯
4ABLE¯ ¯ #LASSIFICATION¯ OF¯ PORTS¯ ACCORDING¯ TO¯ THE¯ INVERTIBILITY¯ OF¯ THE¯ CONSTITUTIVE
RELATIONS	
4HE¯EQUATION
	¯IS¯SOLVABLE
FOR¯ F
4HE¯EQUATION
	¯IS¯SOLVABLE
FOR¯E
F ¯IS¯PREFERRED
TO¯BE¯OUTPUT
E ¯IS¯PREFERRED
TO¯BE¯OUTPUT
9ES .O   &&Q  1
.O 9ES   &%Q  1
9ES 9ES .O 9ES $%Q  1
9ES 9ES .O .O !Q  1
 $IRAC¯3TRUCTURES
)N¯THIS¯SECTION¯WE¯RECALL¯THE¯DEFINITION¯OF¯A¯$IRAC¯STRUCTURE¯AS¯A¯GENERAL¯REPRESENTATION
OF¯ A¯ POWER¯ CONSERVING¯ INTERCONNECTION¯ STRUCTURE¯ OF¯ A¯ PHYSICAL¯ SYSTEM¯ &IRSTLY¯ THE
DEFINITION¯OF¯A¯CONSTANT¯$IRAC¯STRUCTURE¯ON¯A¯FINITEDIMENSIONAL¯LINEAR¯SPACE¯;=¯;=
IS¯RECALLED¯4HIS¯DEFINITION¯IS¯EXTENDED¯TO¯THE¯NONLINEAR¯CASE¯AS¯EXPLAINED¯IN¯;=¯7E
ALSO¯ RECALL¯ DIFFERENT¯ KINDS¯ OF¯ REPRESENTATIONS¯ OF¯$IRAC¯ STRUCTURES¯ ;=¯ ;=¯ ;=¯ ;=
4HESE¯ REPRESENTATIONS¯ OF¯ $IRAC¯ STRUCTURES¯ ARE¯ GIVEN¯ IN¯ TERMS¯ OF¯ SOME¯ STRUCTURAL

MATRICES¯!FTERWARD¯WE¯PRESENT¯A¯NOTATION¯OF¯ EQUIVALENCE¯BETWEEN¯$IRAC¯ STRUCTURES
WHICH¯ WILL¯ BE¯ THE¯ BASIS¯ FOR¯ THE¯ TRANSFORMATION¯ OF¯ A¯ GENERALIZED¯ JUNCTION¯ STRUCTURE
PRESENTED¯ IN¯ THE¯ NEXT¯ SECTIONS¯ &INALLY¯ THE¯ RESULTS¯ CONCERNING¯ COMPOSITIONALITY
PROPERTIES¯OF¯$IRAC¯STRUCTURES¯ARE¯RECALLED¯;=
 $EFINITIONS¯AND¯SOME¯PROPERTIES
7E¯START¯WITH¯THE¯SPACE¯OF¯POWER¯VARIABLES¯ 
qV V ¯FOR¯SOME¯FINITEDIMENSIONAL¯LINEAR
SPACE¯V ¯WITH¯THE¯POWER¯DEFINED¯BY
	 
 
\  0   qE F E F V V 
WHERE¯ \E F ¯DENOTES¯THE¯DUALITY¯PRODUCT¯7E¯CALL¯ V ¯ THE¯SPACE¯OF¯ FLOWS¯ F¯AND¯THE
DUAL¯SPACE¯ 
V ¯THE¯SPACE¯OF¯EFFORTS¯E¯#LOSELY¯RELATED¯TO¯THE¯DEFINITION¯OF¯POWER¯THERE
EXIST¯ A¯ CANONICALLY¯ DEFINED¯ BILINEAR¯ FORM¯ =? ¯ ON¯ THE¯ SPACE¯ OF¯ POWER¯ VARIABLES

qV V ¯DEFINED¯AS
	 
 	 
    \ \A A B B A B B A F E F E E F E F= ? 
$EFINITION¯¯;=¯$EFINITION¯OF¯CONSTANT¯$IRAC¯STRUCTURE	
!¯CONSTANT¯$IRAC¯STRUCTURE¯ON¯A¯LINEAR¯SPACE¯V ¯IS¯A¯SUBSPACE

 qD V V
SUCH¯ THAT¯ ?D D ¯ WHERE¯ ? ¯ DENOTES¯ ORTHOGONAL¯ COMPLEMENT¯ WITH¯ RESPECT¯ TO¯ THE
BILINEAR¯FORM¯ =? ¯)N¯OTHER¯WORDS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A A B B A A B BF E F E F E F E F E  q   D V V D= ?  	
AND¯D ¯IS¯OF¯MAXIMAL¯DIMENSION¯WITH¯PROPERTY¯	
)T¯ CAN¯ BE¯ EASILY¯ SHOWN¯ THAT¯ NECESSARILY¯ 	 
 	 
DIM DIMD V ¯ &URTHERMORE¯ USING¯ THE
LINEARITY¯IT¯CAN¯BE¯SEEN¯;=¯THAT¯ 
 qD V V ¯IS¯A¯$IRAC¯STRUCTURE¯IF¯AND¯ONLY¯IF
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  q   D V V D  	
AND¯D ¯IS¯OF¯MAXIMAL¯DIMENSION¯WITH¯PROPERTY¯	
$IRAC¯STRUCTURES¯ON¯MANIFOLDS¯NONCONSTANT¯CASE	¯ARE¯DEFINED¯AS¯FOLLOWS¯;=¯,ET¯Z
BE¯ A¯ DIFFERENTIABLE¯MANIFOLD¯WITH¯ TANGENT¯ BUNDLE¯4Z ¯ AND¯ COTANGENT¯ BUNDLE¯ 
4 Z 
7E¯DEFINE¯ 
4 4Z Z ¯ AS¯ THE¯ SMOOTH¯VECTOR¯ BUNDLE¯ OVER¯ Z ¯WITH¯ THE¯ FIBER¯ AT¯ EACH
Z Z ¯GIVEN¯BY¯ 
4 4q
Z Z
Z Z ¯SEE¯;=¯PP¯¯¯¯¯FOR¯THE¯DEFINITION¯OF¯TANGENT
COTANGENT¯AND¯VECTOR¯BUNDLE¯AS¯WELL¯AS¯FIBER	
$EFINITION¯¯;=¯$EFINITION¯OF¯$IRAC¯STRUCTURE¯ON¯DIFFERENTIABLE¯MANIFOLD	
!¯ $IRAC¯ STRUCTURE¯ ON¯ A¯ DIFFERENTIABLE¯ MANIFOLD¯ Z ¯ IS¯ GIVEN¯ BY¯ A¯ SMOOTH¯ VECTOR
SUBBUNDLE¯ 
4 4 D Z Z ¯ SUCH¯ THAT¯ THE¯ LINEAR¯ SPACE¯ 	 
 
4 4 q
Z Z
ZD Z Z ¯ IS¯ A¯$IRAC

STRUCTURE¯IN¯THE¯SENSE¯OF¯THE¯$EFINITION¯	¯ON¯4
Z
Z ¯FOR¯EVERY¯ Z Z 
$EFINE¯THE¯FOLLOWING¯SUBBUNDLES¯OF¯THE¯TANGENT¯BUNDLE¯RESPECTIVELY¯COTANGENT¯BUNDLE
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  ST 4 4    Z ZZ E E F E ZP Z Z D 
(ERE¯ 	 


ZG ¯ REPRESENTS¯ THE¯ SET¯OF¯ADMISSIBLE¯ FLOWS¯AT¯ THE¯POINT¯ Z ¯3IMILARLY¯ 	 


ZP
REPRESENTS¯ THE¯SET¯OF¯ADMISSIBLE¯EFFORTS¯AT¯ THE¯POINT¯ Z ¯ )T¯ CAN¯BE¯ SHOWN¯;=	¯ THAT
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KER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ANNZ ZP G ¯AND¯ 	 
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Z ZP G 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KERZ ZG P 
7E¯ASSUME¯THAT¯Z ¯IS¯GIVEN¯AS¯  qZhX Y ¯WITH¯X ¯A¯DIFFERENTIABLE¯MANIFOLD¯AND¯Y ¯A
LINEAR¯ SPACE¯ 5SING¯ THE¯ LINEARITY¯ OF¯ Y ¯ IT¯ FOLLOWS¯ THAT¯4
Z
Z ¯ CAN¯ BE¯ IDENTIFIED¯ WITH
4 4 
Z X
Z X Y ¯ WITH¯ X ¯ THE¯ PROJECTION¯ OF¯ Z ON¯ X ¯ &URTHERMORE¯ WE¯ ASSUME
THROUGHOUT¯ THAT¯ THE¯ $IRAC¯ STRUCTURES¯ DEFINED¯ ON¯ Z ¯ DEPEND¯ ONLY¯ ON¯ X X ¯ IE
	 
 	 
Z XD D ¯ 	 
 X Y Z ¯  X YX Y ¯4HIS¯SPECIFIC¯FORM¯OF¯$IRAC¯STRUCTURES¯IS¯OF
A¯ GREAT¯ IMPORTANCE¯ !S¯ WE¯ SHALL¯ SEE¯ LATER¯ THE¯ MANIFOLD¯ X ¯ IS¯ ASSOCIATED¯ WITH¯ THE
SPACE¯OF¯ENERGY¯VARIABLES¯THE¯STATES¯OF¯#MULTIPORTS	¯AND¯THE¯LINEAR¯VECTOR¯SPACE¯ Y
IS¯ IDENTIFIED¯ AS¯ THE¯ FLOW¯ SPACE¯ OF¯ THE¯ PORTS¯ REPRESENTING¯ THE¯ CONNECTIONS¯ TO¯ THE
RESISTIVE¯MULTIPORTS¯AND¯THE¯SOURCE¯MULTIPORTS¯3INCE¯WE¯ASSUME¯CONDITION¯;!SE=¯IT¯IS
CLEAR¯WHY¯ D ¯DEPENDS¯ONLY¯ON¯ X ¯ 7E¯ LIKE¯ TO¯ STRESS¯ THAT¯ Z ¯ CAN¯NOT¯BE¯ SEEN¯AS¯ A
STATE¯SPACE¯/THERWISE¯IT¯WOULD¯MEAN¯THAT¯ONE¯COULD¯ASSOCIATE¯STATE¯VARIABLES¯TO¯THE
PORTS¯REPRESENTING¯THE¯CONNECTIONS¯TO¯2MULTIPORTS	
)N¯THE¯PREVIOUS¯PART¯OF¯THIS¯SECTION¯WE¯ASSUMED¯THAT¯ \E F ¯REPRESENTS¯THE¯OUTGOING
POWER¯/F¯ COURSE¯WE¯ CAN¯ EASILY¯ IMAGINE¯ SITUATIONS¯WHERE¯ SOME¯ OF¯ THE¯ PORTS¯ OF¯ THE
INTERCONNECTION¯STRUCTURE¯ARE¯INCOMING¯ONES¯$ENOTE¯THE¯POWER¯VARIABLES¯OF¯INCOMING
PORTS¯ BY¯ 	 
 

IN IN IN IN
  qF E V V ¯ AND¯ POWER¯ VARIABLES¯ OF¯ OUTGOING¯ PORTS¯ BY
	 
 

OUT OUT OUT OUT
  qF E V V ¯)T¯IS¯CLEAR¯THAT¯
OUTIN
 V V V ¯4HEN¯THE¯BILINEAR¯FORM¯IS¯MODIFIED
TO
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!¯CONSTANT¯RESPECTIVELY¯NONCONSTANT¯$IRAC¯STRUCTURE¯IS¯NOW¯DEFINED¯AS¯IN¯$EFINITION
¯RESPECTIVELY¯$EFINITION¯¯WHERE¯THE¯BILINEAR¯FORM¯IS¯GIVEN¯BY¯	

 6ARIOUS¯REPRESENTATIONS¯OF¯$IRAC¯STRUCTURES
)N¯ THE¯ PREVIOUS¯ SUBSECTION¯ WE¯ HAVE¯ GIVEN¯ THE¯ DEFINITIONS¯ AND¯ THE¯ CONSTITUTIVE
PROPERTIES¯ OF¯ A¯ $IRAC¯ STRUCTURE¯ )N¯ THIS¯ SECTION¯ WE¯ RECALL¯ DIFFERENT¯ KINDS¯ OF
REPRESENTATIONS¯OF¯$IRAC¯STRUCTURES¯4HESE¯REPRESENTATIONS¯ARE¯GIVEN¯IN¯TERMS¯OF¯SOME
STRUCTURAL¯MATRICES
 +ERNEL¯REPRESENTATION¯;=¯;=
,OCALLY¯ ABOUT¯ EVERY¯ POINT¯ 	 
X Y ¯ IN¯  qZ X Y ¯ WE¯ MAY¯ FIND¯ N Nq ¯ N ¯ IS¯ THE
DIMENSION¯OF¯THE¯MANIFOLD¯ Z 	¯MATRICES¯ 	 
% X AND¯ 	 
& X ¯DEPENDING¯SMOOTHLY¯ON¯ X 
SUCH¯THAT¯LOCALLY
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Z Z
X F E & X F % X ED Z Z 
(ERE¯THE¯MATRICES¯ 	 
% X AND¯ 	 
& X ¯SATISFY¯THE¯FOLLOWING¯CONDITIONS
	 
 	 
RANK N  fl ¡ °¢ –& X % X 	
	 
 	 
 	 
 	 

4 4  % X & X & X % X  	
4HIS¯REPRESENTATION¯IS¯CALLED¯A¯KERNEL¯REPRESENTATION
!GAIN¯WE¯HAVE¯ASSUMED¯THAT¯ALL¯PORTS¯ARE¯OUTGOING¯)F¯THIS¯ IS¯NOT¯THE¯CASE¯THEN¯THE
KERNEL¯REPRESENTATION¯IS¯GIVEN¯BY
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WHERE¯THE¯CORRESPONDING¯MATRICES¯SATISFY¯THE¯FOLLOWING¯CONDITIONS
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RANK N  fl 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%XAMPLE¯¯%LECTRICAL¯CIRCUIT	
#ONSIDER¯THE¯ELECTRICAL¯CIRCUIT¯SHOWN¯IN¯&IGURE¯A ¯4HE¯GENERALIZED¯BOND¯GRAPH¯MODEL
FOR¯THIS¯SYSTEM¯IS¯REPRESENTED¯IN¯&IGURE¯B 
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&IGURE¯¯A	¯%LECTRICAL¯CIRCUIT¯B	¯BOND¯GRAPH¯MODEL
4HE¯INTERCONNECTION¯RELATIONS¯ARE¯GIVEN¯BY¯+IRCHHOFFjS¯ LAWS¯AND¯BY¯THE¯CONSTITUTIVE
RELATIONS¯ FOR¯ THE¯ TRANSFORMER¯ AND¯ THE¯ SYMPLECTIC¯ GYRATOR¯ THAT¯ IS¯
  
 E E E  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 ¯ 4HEREFORE¯ A
MATRIX¯REPRESENTATION¯OF¯THE¯INTERCONNECTION¯RELATIONS¯IS¯GIVEN¯BY
{ {



 




        
       
        
        
      
FE
FR E
E F
E F
E R R F
  fl  fl    fl  fl ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ ° ¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¡ ° ¡ °¢ – ¡ °¡ ° ¡ °¢ –¢ – ¢ –
E
&% F
14444444244444443144444442444444443

!¯ STRAIGHTFORWARD¯ COMPUTATION¯ SHOWS¯ THAT¯ RANK   fl ¡ °¢ –% & ¯ AND¯
4 4  %& &% 
.OTE¯THAT¯TO¯OBTAIN¯THE¯INTERCONNECTION¯RELATIONS¯THE¯3EPORT¯HAS¯BEEN¯TRANSFORMED¯AS
SHOWN¯IN¯&IGURE¯D
 (YBRID¯INPUTOUTPUT¯REPRESENTATION¯;=¯;=
3UPPOSE¯THAT¯E AND¯ F ¯ARE¯SPLIT¯AS¯ 
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N N N  ¯#ORRESPONDING¯ TO¯ THESE¯ SPLITTING¯ THE¯ N Nq
DIMENSIONAL¯MATRICES¯ 	 
% X ¯AND¯ 	 
& X ¯ ARE¯ SPLIT¯ AS¯ 	 
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WITH¯ THE¯ DIMENSIONS¯ OF¯ THE¯MATRICES¯ 	 
 	 

I I
& X % X ¯ I¯ BEING¯ EQUAL¯ 3UPPOSE¯ NOW
THAT¯ 	 
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RANK N  fl ¡ °¢ –% X & X ¯4HEN¯THE¯$IRAC¯STRUCTURE¯IS¯ALSO¯GIVEN¯BY
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4HE¯ REPRESENTATION¯ DESCRIBED¯ BY¯ 	¯ 	¯ IS¯ CALLED¯ A¯ HYBRID¯ INPUTOUTPUT
REPRESENTATION¯.OTE¯ THAT¯ THE¯DEFINITION¯ OF¯ THIS¯ REPRESENTATION¯ IS¯MORE¯ GENERAL¯ THAN
ONE¯GIVEN¯IN¯;=¯;=¯SINCE¯WE¯DO¯NOT¯REQUIRE¯THAT¯ 	 
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¢ –% X % X ¯/N¯THE
OTHER¯ HAND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#ONVERSELY¯A¯$IRAC¯STRUCTURE¯DESCRIBED¯BY¯	¯HAS¯THE¯KERNEL¯REPRESENTATION
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&OR¯THE¯LATTER¯USE¯WE¯DEFINE¯ 	 
* X ¯AND¯THE¯INTEGERS¯
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N N ¯TO¯UNIQUELY¯DETERMINE¯THE
MATRIX¯ 	 
7 X ¯AS
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%XAMPLE¯¯#ONTINUATION¯OF¯%XAMPLE¯	
,ET¯THE¯MATRIX¯

% ¯CONTAIN¯THE¯ST¯RD¯TH¯AND¯TH¯COLUMN¯OF¯% ¯4HEN¯THE¯MATRIX¯

&
CONTAINS¯ THE¯ ND¯ COLUMN¯ OF¯ & ¯ 4HE¯ MATRIX¯
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  fl
¡ °¢ –% & ¯ HAS¯ FULL¯ RANK¯ AND¯ THE
CORRESPONDING¯HYBRID¯INPUT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)T¯IS¯CLEAR¯THAT¯* ¯IS¯A¯SKEWSYMMETRIC¯MATRIX
 %XPLICIT¯EFFORTFLOW¯CONSTRAINT¯REPRESENTATION¯;=¯;=
3UPPOSE¯ THAT¯ THE¯MATRIX¯ 	 
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% X ¯ IS¯ CHOSEN¯ SUCH¯ THAT¯ 	 
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RANK RANK% X % X ¯ IT
MEANS¯ THAT¯ THE¯ COLUMNS¯ OF¯ 	 


% X ¯ ARE¯ LINEAR¯ COMBINATIONS¯ OF¯ COLUMNS¯ OF¯ 	 
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% X 	
4HEN¯THE¯MATRIX¯ 	 
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3INCE¯THE¯COLUMNS¯OF¯ 	 
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% X ¯ARE¯ LINEAR¯ COMBINATIONS¯OF¯ THE¯COLUMNS¯OF¯ 	 
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¯ ALSO
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THE¯COLUMNS¯OF¯ 	 
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% X ¯ARE¯ LINEAR¯ COMBINATIONS¯OF¯ THE¯COLUMNS¯OF¯ 	 
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% X ¯4HEREFORE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4HIS¯ REPRESENTATION¯ IS¯ CALLED¯ THE¯ EXPLICIT¯ EFFORT¯ FLOW¯ CONSTRAINT¯ REPRESENTATION¯.OTE
THAT¯ 	 
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%XAMPLE¯¯#ONTINUATION¯OF¯%XAMPLE¯	
4HE¯RANK¯OF¯THE¯MATRIX¯% ¯ IS¯¯7E¯CAN¯CHOOSE¯

% ¯AS¯ IN¯%XAMPLE¯¯4HEREFORE¯THE
CORRESPONDING¯MATRICES¯*% ¯AND¯0 ¯ARE¯GIVEN¯BY
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2EMARK¯¯%QUIVALENCE¯BETWEEN¯$IRAC¯STRUCTURES	
4HE¯FIRST¯MATRIX¯
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1 ¯REPRESENTS¯THE¯ORDERING¯OF¯POWER¯VARIABLES¯AND¯THE¯SECOND¯ONE
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 #OMPOSITION¯OF¯$IRAC¯STRUCTURES
)N¯THIS¯SUBSECTION¯WE¯INVESTIGATE¯THE¯COMPOSITIONALITY¯PROPERTIES¯OF¯$IRAC¯STRUCTURES
0HYSICALLY¯ IT¯ SEEMS¯ CLEAR¯ THAT¯ THE¯ COMPOSITION¯ OF¯ A¯ NUMBER¯ OF¯ POWERCONSERVING
INTERCONNECTIONS¯ WITH¯ PARTIALLY¯ SHARED¯ POWER¯ VARIABLES¯ YIELDS¯ AGAIN¯ A¯ POWER
CONSERVING¯ INTERCONNECTION¯ )N¯ ;=¯ IS¯ SHOWN¯HOW¯ THIS¯ CAN¯BE¯ FORMALIZED¯WITHIN¯ THE
FRAMEWORK¯OF¯$IRAC¯STRUCTURES
#ONSIDER¯ $IRAC¯ STRUCTURES¯ 
 

S S  
4 4   D Z V Z V ¯ 
 

S S  
4 4   D Z V Z V
WITH¯RESPECT¯TO¯THE¯FOLLOWING¯BILINEAR¯FORM
	 
 	 
S S S S    
S S S S   
       
\ \ \ \ 
A A A A B B B B
A B B A A B B A

  
F F E E F F E E
E F E F E F E F
= ?
	 
 	 
S S S S    
S S S S   
       
\ \ \ \ 
A A A A B B B B
A B B A A B B A

  
F F E E F F E E
E F E F E F E F
= ?
(ERE¯  
I
I F ¯ REPRESENT¯ THE¯ FLOW¯ VARIABLES¯ CORRESPONDING¯ TO¯
I
4Z ¯ 3IMILARLY
 
I
I E ¯ REPRESENT¯ THE¯ EFFORT¯ VARIABLES¯ CORRESPONDING¯ TO¯ 

I
4 Z ¯ !LSO¯
S
F ¯
S
E
REPRESENT¯ THE¯ SHARED¯ POWER¯ VARIABLES¯ CORRESPONDING¯ TO¯
S
V ¯ RESPECTIVELY¯ TO¯ 

S
V ¯ 4HE
POWER¯VARIABLES¯
S
F ¯
S
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/F¯COURSE¯THIS¯IS¯NOT¯THE¯MOST¯GENERAL¯SITUATION¯SOME¯OF¯THE¯SHARED¯VARIABLES¯OF¯
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CAN¯BE¯ ALSO¯ OUTGOING¯(OWEVER¯ THE¯ GENERALITY¯ IS¯ NOT¯ LOST¯ AND¯ THE¯ RESULTS¯ ARE¯MORE
TRANSPARENT¯IN¯THIS¯CASE	¯,ET¯US¯NOW¯DEFINE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2EMARK¯¯#OMPOSITION¯OF¯TWO¯$IRAC¯STRUCTURES	¯/NE¯CAN¯SEE¯THAT¯THE¯DIMENSION¯OF
THE¯ COMPOSED¯ $IRAC¯ STRUCTURE¯ IS¯ 	 
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DIM DIMZ Z ¯ 4HIS¯ THEOREM¯ REPRESENTS¯ THE
MATHEMATICAL¯ FORMULATION¯ OF¯ THE¯ TEARING¯ CONCEPT¯ FOR¯ THE¯ POWER¯ CONSERVING
INTERCONNECTIONS
 ’EOMETRIC¯FORMULATION¯OF¯GENERALIZED¯JUNCTION¯STRUCTURES
4HE¯MAIN¯RESULT¯OF¯THIS¯PAPER¯IS¯CONTAINED¯IN¯THIS¯SECTION¯7E¯PROVE¯THAT¯A¯GENERALIZED
JUNCTION¯STRUCTURE¯CAN¯BE¯FORMULATED¯AS¯A¯$IRAC¯STRUCTURE¯4HE¯PROOF¯OF¯THIS¯STATEMENT
IS¯GIVEN¯IN¯SECTION¯¯(OW¯ONE¯CAN¯PRACTICALLY¯DETERMINE¯THE¯$IRAC¯STRUCTURE¯FROM¯THE
GENERALIZED¯JUNCTION¯STRUCTURE¯IS¯DETAILED¯IN¯SECTION¯
 ’ENERALIZED¯JUNCTION¯STRUCTURE¯IS¯$IRAC¯STRUCTURE
)N¯THIS¯SUBSECTION¯WE¯PROVE¯THAT¯A¯GENERALIZED¯JUNCTION¯STRUCTURE¯CAN¯BE¯RELATED¯TO¯A
$IRAC¯STRUCTURE¯(EREAFTER¯FOR¯THE¯SIMPLICITY¯OF¯PRESENTATION¯THE¯LINEAR¯SPACES¯ V  
V
ARE¯ IDENTIFIED¯ WITH¯ M M R N ¯ AND¯ THE¯ DUALITY¯ PRODUCT¯ IS¯ IDENTIFIED¯ WITH¯ THE
%UCLIDIAN¯INNER¯PRODUCT¯IE¯ 4\ E F E F 
4HEOREM¯¯’ENERALIZED¯JUNCTION¯STRUCTURE¯DEFINES¯A¯$IRAC¯STRUCTURE	
#ONSIDER¯ A¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ THAT¯ CONTAINS¯ N ¯ PORTS¯ AND¯ WHOSE¯ FLOWS
BELONG¯TO¯4 q
X
X V ¯AND¯WHOSE¯EFFORTS¯BELONG¯TO¯ 
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X V ¯(ERE¯X ¯IS¯A¯DIFFERENTIABLE
MANIFOLD¯AND¯THE¯FLOWS¯OF¯ 2 3E 3FQ  1 1 1U U ¯BELONG¯TO¯THE¯SPACE¯ V ¯4HE¯GENERALIZED
JUNCTION¯STRUCTURE¯CAN¯BE¯RELATED¯TO¯A¯$IRAC¯STRUCTURE¯DEFINED¯ON¯THE¯SPACE¯ qX V 
0ROOF¯ 4HE¯ PROOF¯ IS¯ BASED¯ ON¯ 4HEOREM¯ ¯ &IRSTLY¯ WE¯ PROVE¯ THAT¯ JUNCTIONS¯ 
JUNCTIONS¯ TWOPORT¯ TRANSFORMERS¯ AND¯ TWOPORT¯ GYRATORS¯ CAN¯ BE¯ RELATED¯ TO¯ $IRAC
STRUCTURES¯,ET¯US¯CONSIDER¯AN¯JUNCTION¯)TS¯CONSTITUTIVE¯RELATION¯IS¯GIVEN¯BY
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)N¯OTHER¯WORDS¯THE¯JUNCTION¯ IS¯A¯POWER¯CONSERVING¯ INTERCONNECTION¯4O¯PROVE¯THAT
THE¯JUNCTION¯CAN¯BE¯RELATED¯TO¯A¯$IRAC¯STRUCTURE¯WE¯ALSO¯HAVE¯TO¯PROVE¯THAT¯ITS¯SET
OF¯ADMISSIBLE¯ FLOWS¯AND¯EFFORTS¯ IS¯ L ¯DIMENSIONAL¯ )NDEED¯ IF¯WE¯ FIX¯

F ¯AND¯  
I
E I L
THEN¯ THE¯ OTHER¯ FLOWS¯   
I
F I L 	¯ AND¯ THE¯ EFFORT¯

E ¯ ARE¯ UNIQUELY¯ DETERMINED
4HEREFORE¯ THE¯ DIMENSION¯ OF¯ THE¯ SET¯ OF¯ ADMISSIBLE¯ FLOWS¯ AND¯ EFFORTS¯ IS¯ L ¯ !¯ SIMILAR
RESULT¯CAN¯BE¯PROVED¯FOR¯A¯JUNCTION
,ET¯US¯CONSIDER¯NOW¯A¯TWOPORT¯TRANSFORMER¯)TS¯CONSTITUTIVE¯RELATION¯CAN¯BE¯DESCRIBED¯BY
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(ERE¯ 	 
R X ¯ REPRESENTS¯ THE¯ RATIO¯ OF¯ THE¯ TRANSFORMER¯!¯ STRAIGHTFORWARD¯ COMPUTATION
SHOWS¯THAT¯ THE¯CONDITIONS¯ 	¯ 	¯ARE¯ FULFILLED¯4HEREFORE¯A¯$IRAC¯ STRUCTURE¯ CAN¯BE
RELATED¯TO¯THE¯TWOPORT¯TRANSFORMER¯!¯SIMILAR¯RESULT¯HOLDS¯FOR¯A¯TWOPORT¯GYRATOR
3ECONDLY¯ A¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ IS¯ COMPOSED¯ FROM¯ THE¯ JUNCTIONS¯ AND¯ THE
TRANSDUCERS¯)F¯ANY¯OF¯TRANSDUCERS¯HAS¯THREE¯OR¯MORE¯PORTS¯THEN¯IT¯CAN¯BE¯DECOMPOSED
INTO¯ TWOPORT¯ TRANSDUCERS¯ AND¯ JUNCTIONS¯ AS¯ SHOWN¯ IN¯ ;=¯ PP¯ ¯ AND¯ 	
4HEREFORE¯ A¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ CAN¯ BE¯ SEEN¯ AS¯ THE¯ COMPOSITION¯ OF
JUNCTIONS¯ AND¯ TWOPORT¯ TRANSDUCERS¯ 3INCE¯ ALL¯ OF¯ THEM¯ CAN¯ BE¯ RELATED¯ TO¯ $IRAC
STRUCTURES¯THEIR¯COMPOSITION¯SEE¯4HEOREM¯	¯ IS¯AGAIN¯A¯$IRAC¯ STRUCTURE¯DEFINED¯ON
qX V  ó
2EMARK¯¯!¯GENERALIZED¯JUNCTION¯STRUCTURE¯DEFINES¯A¯$IRAC¯STRUCTURE	¯4HIS¯THEOREM
SHOWS¯ TWO¯ THINGS¯4HE¯ FIRST¯ONE¯ IS¯ THAT¯A¯GENERALIZED¯ JUNCTION¯ STRUCTURE¯ IS¯ A¯POWER
CONSERVING¯INTERCONNECTION¯)T¯MEANS¯THAT¯THE¯POWER¯BALANCE¯AT¯ITS¯PORTS¯IS¯ZERO¯4HIS
PROPERTY¯ EASILY¯ FOLLOWS¯BY¯WRITING¯DOWN¯ THE¯POWER¯BALANCES¯ FOR¯ EVERY¯ JUNCTION¯AND
TRANSDUCER¯AND¯BY¯SUMMING¯ALL¯OF¯ THEM¯4HE¯SECOND¯ IS¯ THAT¯ ITS¯ N ¯POWER¯VARIABLES
CAN¯BE¯EXPRESSED¯AS¯A¯LINEAR¯FUNCTION¯OF¯THE¯OTHER¯N ¯POWER¯VARIABLES
 0ROCEDURE¯ FOR¯ DERIVING¯ $IRAC¯ STRUCTURE¯ FROM¯ GENERALIZED
JUNCTION¯STRUCTURE
)N¯THIS¯SECTION¯WE¯GIVE¯AN¯ALTERNATIVE¯PROOF¯OF¯4HEOREM¯¯4HIS¯PROOF¯IS¯CONSTRUCTIVE
AND¯LEADS¯TO¯A¯PROCEDURE¯FOR¯PRACTICAL¯DERIVING¯THE¯$IRAC¯STRUCTURE¯FROM¯A¯GENERALIZED
JUNCTION¯STRUCTURE¯"EFORE¯WE¯GIVE¯THE¯PROCEDURE¯SOME¯AUXILIARY¯RESULTS¯ARE¯DERIVED
)N¯ SECTION¯ ¯ THE¯ )NPUT/UTPUT¯ ’ENERALIZED¯ *UNCTION¯ 3TRUCTURE¯ )/’*3	¯ IS
DEFINED¯3OME¯PROPERTIES¯OF¯AN¯)/’*3¯ARE¯GIVEN¯IN¯THE¯SECTION¯¯)N¯SECTION¯

AN¯ALGORITHM¯FOR¯CHANGING¯THE¯INCIDENCE¯RELATIONS¯BETWEEN¯PORTS¯AND¯JUNCTIONS¯OF¯AN
)/’*3¯IS¯GIVEN¯(OW¯TO¯TRANSFORM¯A¯’*3¯INTO¯AN¯)/’*3¯ IS¯ SHOWN¯ IN¯SECTION¯
4HE¯CONSTRUCTIVE¯PROOF¯OF¯4HEOREM¯¯ IS¯GIVEN¯ IN¯SECTION¯¯&INALLY¯SECTION¯
DEALS¯WITH¯SINGULAR¯GENERALIZED¯JUNCTION¯STRUCTURES
 )NPUTOUTPUT¯GENERALIZED¯JUNCTION¯STRUCTURE
,ET¯ US¯ CONSIDER¯ A¯$IRAC¯ STRUCTURE¯ REPRESENTED¯BY¯ A¯ HYBRID¯ INPUTOUTPUT¯ FORM¯ 	
4HE¯EQUATIONS¯RELATING¯THE¯VECTORS¯
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!¯BOND¯GRAPH¯REPRESENTATION¯OF¯	¯	¯IS¯GIVEN¯IN¯&IGURE¯
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GY* ¯ GY* 	¯ MEANS¯ THAT¯ THE¯ CONSTITUTIVE¯ RELATION¯ FOR¯ THE¯ GYRATOR¯ IS¯ GIVEN¯ BY
E *F ¯ RESPECTIVELY¯ F *E 	¯ 4HE¯ GRAPHICAL¯ REPRESENTATION¯ OF¯ 	¯ 	¯ IS¯ A
GENERALIZED¯ JUNCTION¯ STRUCTURE¯ )T¯ HAS¯ A¯ SPECIFIC¯ STRUCTURE¯ CALLED¯ INPUTOUTPUT
GENERALIZED¯ JUNCTION¯ STRUCTURE¯ )/’*3	¯ AND¯ IS¯ DENOTED¯ BY¯ IOGJS ¯ 4HE¯ FORMAL
DEFINITION¯OF¯AN¯)/’*3¯IS¯GIVEN¯BELOW
$EFINITION¯¯$EFINITION¯OF¯)/’*3	
!¯GENERALIZED¯JUNCTION¯STRUCTURE¯IS¯AN¯)/’*3¯IF¯THE¯FOLLOWING¯CONDITIONS¯ARE¯SATISFIED
;$A= 4HE¯NUMBER¯OF¯PORTS¯JOINING¯A¯JUNCTION¯IS¯ALWAYS¯ONE
;$B= 4HE¯ VERTICES¯ OF¯ A¯ 4&LINK¯ ARE¯ ALWAYS¯ DIFFERENT¯ TYPES¯ OF¯ JUNCTIONS¯ THAT¯ IS¯ A
EITHER¯JUNCTION¯AND¯A¯JUNCTION¯OR¯A¯JUNCTION¯AND¯A¯JUNCTION
;$C= 4HE¯VERTICES¯OF¯A¯’9LINK¯ARE¯ALWAYS¯THE¯SAME¯TYPE¯OF¯JUNCTIONS¯THAT¯IS¯EITHER
JUNCTIONS¯OR¯JUNCTIONS
4HIS¯DEFINITION¯ LEADS¯TO¯THE¯DEFINITION¯OF¯AN¯ )NPUT/UTPUT¯’ENERALIZED¯"OND¯’RAPH
)/’"’	
$EFINITION¯¯$EFINITION¯OF¯)/’"’	
!¯ GENERALIZED¯ BOND¯ GRAPH¯ IS¯ AN¯ )/’"’¯ IF¯ ITS¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ IS¯ AN
)/’*3
$UE¯ TO¯ SPECIFIC¯ FORM¯ OF¯ )/’*3¯ ITS¯ CAUSAL¯ ASSIGNMENT¯ IS¯ STRAIGHTFORWARD¯ )F¯ A¯ PORT

JOINS¯A¯JUNCTION¯THEN¯IT¯HAS¯EFFORT¯OUT¯CAUSALITY¯)F¯A¯PORT¯JOINS¯A¯JUNCTION¯THEN¯IT
HAS¯ FLOW¯OUT¯ CAUSALITY¯4HESE¯ TWO¯ RULES¯ TOGETHER¯WITH¯ STANDARD¯ RULES¯ FOR¯ JUNCTIONS
AND¯ TWOPORT¯ TRANSDUCERS¯ SEE¯ ;=¯ PP¯ 	¯ UNIQUELY¯ DEFINE¯ THE¯ CAUSALITY¯ OF¯ AN
)/’*3¯ )F¯ THE¯ OUTPUT¯ AND¯ INPUT¯ VARIABLES¯ ARE¯ CHOSEN¯ IN¯ ACCORDANCE¯ WITH¯ THE
PREVIOUSLY¯ DEFINED¯ CAUSALITY¯ ASSIGNMENT¯ THEN¯ THE¯ INPUTOUTPUT¯ RELATIONS¯ CAN¯ BE
STRAIGHTFORWARDLY¯OBTAINED¯AS¯SHOWN¯IN¯!LGORITHM¯
"EFORE¯WE¯PRESENT¯!LGORITHM¯¯THE¯ INCIDENCE¯FUNCTION¯
C
T ¯ IS¯DEFINED¯!SSUME¯THAT¯A
BOND¯C ¯JOINS¯A¯NODE¯I  & 9 5U U ¯THEN¯AS¯BEFORE
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 3OME¯PROPERTIES¯OF¯)/’*3
)N¯SECTION¯¯AN¯EQUIVALENCE¯RELATION¯BETWEEN¯$IRAC¯STRUCTURES¯HAS¯BEEN¯INTRODUCED
4HIS¯WILL¯BE¯USED¯TO¯DEFINE¯AN¯EQUIVALENCE¯RELATION¯BETWEEN¯)/’*3jS
$EFINITION¯¯%QUIVALENCE¯BETWEEN¯)/’*3jS	
#ONSIDER¯TWO¯ INPUTOUTPUT¯GENERALIZED¯ JUNCTION¯STRUCTURES¯
)
IOGJS ¯
))
IOGJS ¯4HEIR
CORRESPONDING¯ $IRAC¯ STRUCTURES¯ ARE¯ REPRESENTED¯ IN¯ HYBRID¯ INPUTOUTPUT¯ FORM¯ AND
DENOTED¯ BY¯
)
D ¯ AND¯
))
D ¯4HE¯ GENERALIZED¯ JUNCTION¯ STRUCTURES¯
)
IOGJS ¯
))
IOGJS ¯ ARE
EQUIVALENT¯ON¯S ¯
) ))
^
S
IOGJS IOGJS ¯IF¯AND¯ONLY¯IF¯
) ))
^
S
D D 
4HE¯ TRANSFORMATIONS¯ THAT¯ CONVERT¯ AN¯ )/’*3¯ INTO¯ AN¯ EQUIVALENT¯ )/’*3¯ ARE¯ CALLED
EQUIVALENCE¯ TRANSFORMATIONS¯ (ERE¯ WE¯ CONSIDER¯ THREE¯ TYPES¯ OF¯ EQUIVALENCE
TRANSFORMATIONS¯ 4HE¯ FIRST¯ ONE¯ THE¯ PARTIAL¯ DUALIZATION¯ PROCEDURE¯ APPLIED¯ TO¯ A¯ PORT
SEE¯&IGURE¯	¯IS¯DENOTED¯BY¯ 
I
Q
4 
4HEOREM¯¯0ARTIAL¯DUALIZATION¯PROCEDURE¯APPLIED¯TO¯A¯PORT	
#ONSIDER¯ AN¯ )/’*3¯ DENOTED¯ BY¯ IOGJS ¯ 3UPPOSE¯ THAT¯ THE¯ PARTIAL¯ DUALIZATION
PROCEDURE¯IS¯APPLIED¯TO¯PORT¯
I
Q ¯4HE¯OBTAINED¯GENERALIZED¯JUNCTION¯STRUCTURE¯IS¯AGAIN
AN¯EQUIVALENT¯)/’*3¯DENOTED¯BY¯ EQIOGJS 
0ROOF¯4HE¯PROOF¯OF¯4HEOREM¯¯IS¯GIVEN¯IN¯!PPENDIX¯
4HE¯SECOND¯ONE¯IS¯CALLED¯A¯RECONNECTING¯PROCEDURE¯VIA¯A¯TRANSFORMER¯AND¯DENOTED¯BY¯  
I J
Q Q
4 

4HEOREM¯¯2ECONNECTING¯PROCEDURE¯VIA¯A¯TRANSFORMER	
#ONSIDER¯AN¯)/’*3¯DENOTED¯BY¯ IOGJS ¯3UPPOSE¯THAT¯THERE¯ARE¯ TWO¯PORTS¯
I
Q ¯

N J
Q
JOINING¯JUNCTION¯ 
I
D ¯JUNCTION¯ 
J
D ¯RESPECTIVELY¯3UPPOSE¯THAT¯THERE¯IS¯EITHER¯A¯0
LINK¯ 	 
 
I J
D D ¯OR¯A¯4&LINK¯ 	 
 4&  I JD U D ¯SEE¯&IGURE¯A ¯)N¯THE¯LATTER¯CASE¯THE¯RATIO¯OF
U4&¯ 	 
R X ¯IS¯ASSUMED¯TO¯BE¯DIFFERENT¯FROM¯ZERO¯  X S ¯4HEN¯THERE¯EXISTS¯AN¯)/’*3
DENOTED¯ BY¯ EQIOGJS ¯ SUCH¯ THAT¯ IQ ¯

N J
Q ¯ JOINS¯ 
J
D ¯ 
I
D ¯ SEE¯ &IGURE¯ B ¯ AND
EQ
^
S
IOGJS IOGJS 
0ROOF¯4HE¯PROOF¯OF¯4HEOREM¯¯IS¯GIVEN¯IN¯!PPENDIX¯

-4&R 	X
DJ

A	
U4&

DI
QI
IOGJS
QNÅJ


-4&R¯¯ 	X
DJ

U4& 
DI
QI

B	
IOGJS
EQ
QNÅJ

&IGURE¯¯2ECONNECTING¯PROCEDURE¯VIA¯TRANSFORMER
4HE¯ THIRD¯ EQUIVALENCE¯ TRANSFORMATION¯ IS¯ CALLED¯ THE¯ RECONNECTING¯ PROCEDURE¯ VIA¯ A
GYRATOR¯AND¯IS¯DENOTED¯BY¯  
I J
Q Q
4 
4HEOREM¯¯2ECONNECTING¯PROCEDURE¯VIA¯A¯GYRATOR	
#ONSIDER¯AN¯)/’*3¯DENOTED¯BY¯ IOGJS ¯3UPPOSE¯THAT¯THERE¯ARE¯TWO¯PORTS¯
I
Q ¯AND¯
J
Q
JOINING¯ P
I
D ¯ P
J
D ¯ RESPECTIVELY¯ AND¯ \ ^P  ¯ 3UPPOSE¯ THAT¯ THERE¯ IS¯ A¯ ’9LINK
	 
4& P PI JD U D ¯ SEE¯ &IGURE¯ A ¯ AND¯ THE¯ RATIO¯ OF¯ '9U ¯ 	 
R X ¯ IS¯ DIFFERENT¯ FROM¯ ZERO
 X S ¯4HEN¯ THERE¯ EXISTS¯ AN¯ )/’*3¯ DENOTED¯ BY¯ EQIOGJS ¯ SUCH¯ THAT¯ IQ ¯ JQ ¯ ARE
INCIDENT¯ ON¯ THE¯ JUNCTIONS¯ BELONGING¯ TO¯ THE¯ SET¯  P9 ¯ SEE¯ &IGURE¯ B ¯ AND
EQ
^
S
IOGJS IOGJS 
0ROOF¯4HE¯PROOF¯OF¯4HEOREM¯¯IS¯GIVEN¯IN¯!PPENDIX¯

P
-’9PR 	X
QJ P
U'9
Q
I
A	
IOGJS
DJ
DI
P
P
P
-’9PR¯¯ 	X
QJ P
U'9 
QI
B	
IOGJS
EQ
&IGURE¯¯2ECONNECTING¯PROCEDURE¯VIA¯GYRATOR
 !LGORITHM¯ FOR¯ CHANGING¯ OF¯ INCIDENCE¯ RELATIONS¯ BETWEEN¯ PORTS¯ AND
JUNCTIONS
)T¯ IS¯ CLEAR¯ FROM¯ SECTION¯¯ THAT¯ THE¯ TYPE¯OF¯ INCIDENCE¯ RELATION¯BETWEEN¯PORTS¯ AND
JUNCTIONS¯DETERMINE¯WHICH¯OF¯POWER¯VARIABLES¯ARE¯COMPUTATIONAL¯OUTPUTS¯AND¯WHICH¯OF
THEM¯ARE¯COMPUTATIONAL¯INPUTS¯WITH¯RESPECT¯TO¯THE¯GENERALIZED¯JUNCTION¯STRUCTURE¯4HE
COMPUTATIONAL¯OUTPUTS¯ARE¯ THE¯ FLOWS¯OF¯ THE¯PORTS¯ADJOINING¯ THE¯ JUNCTIONS¯ AND¯ THE
EFFORTS¯OF¯THE¯PORTS¯ADJOINING¯THE¯JUNCTIONS¯#ONSEQUENTLY¯THE¯COMPUTATIONAL¯INPUTS
ARE¯ THE¯ EFFORTS¯ OF¯ THE¯ PORTS¯ ADJOINING¯ THE¯ JUNCTIONS¯ AND¯ THE¯ FLOWS¯ OF¯ THE¯ PORTS
ADJOINING¯THE¯JUNCTIONS¯/N¯THE¯OTHER¯HAND¯WHICH¯OF¯THE¯POWER¯VARIABLES¯IS¯OUTPUT
AND¯WHICH¯OF¯THEM¯IS¯INPUT¯SHOULD¯DEPEND¯ON¯THE¯TYPE¯OF¯A¯PORT¯&OR¯EXAMPLE¯ IF¯A
PORT¯ 3EQ  1 ¯THEN¯ITS¯EFFORT¯IS¯AN¯INPUT¯AND¯ITS¯FLOW¯IS¯AN¯OUTPUT¯(ENCE¯IF¯ Q ¯JOINS¯A
JUNCTION¯THEN¯ITS¯COMPUTATIONAL¯INPUT¯IS¯FLOW¯AND¯ITS¯COMPUTATIONAL¯OUTPUT¯IS¯EFFORT
4HEREFORE¯WE¯HAVE¯A¯CONFLICT¯4HIS¯CONFLICT¯CAN¯BE¯RESOLVED¯BY¯FINDING¯AN¯EQUIVALENT
)/’*3¯SUCH¯THAT¯Q ¯AND¯A¯JUNCTION¯ARE¯INCIDENT
-OTIVATED¯ BY¯ THE¯ PREVIOUS¯ DISCUSSION¯ WE¯ PRESENT¯ AN¯ ALGORITHM¯ FOR¯ CHANGING¯ THE
INCIDENCE¯ RELATIONS¯ BETWEEN¯ PORTS¯ AND¯ JUNCTIONS¯ 4HE¯ SET¯ OF¯ PORTS¯ IS¯ SPLIT¯ AS
) )) )))1  1 1 1U U ¯3UPPOSE¯THAT¯A¯PORT¯ Q ¯JOINS¯A¯JUNCTION¯ D ¯)F¯ Q ¯BELONGS¯TO¯ )1
THEN¯THE¯ INCIDENCE¯RELATION¯BETWEEN¯ Q ¯AND¯ D ¯CAN¯NOT¯BE¯CHANGED¯ )F¯ Q ¯BELONGS¯TO
))1 ¯ THEN¯ THE¯ INCIDENCE¯ RELATION¯ BETWEEN¯ Q ¯ AND¯ D ¯ CAN¯ BE¯ CHANGED¯ &INALLY¯ IF¯ Q
BELONGS¯ TO¯ )))1 ¯ THEN¯ THE¯ INCIDENCE¯ RELATIONS¯BETWEEN¯ Q ¯ AND¯ D ¯MAY¯BE¯ CHANGED¯AS
LONG¯AS¯D ¯DOES¯NOT¯BELONG¯TO¯ P9 ¯ \ ^P  	

!LGORITHM¯¯#HANGING¯THE¯INCIDENCES¯BETWEEN¯PORTS¯AND¯JUNCTIONS	
’OAL¯&IND¯AN¯EQUIVALENT¯)/’*3¯SUCH¯THAT¯THE¯NUMBER¯OF¯THE¯PORTS¯ )))Q  1 ¯ADJOINING
THE¯JUNCTIONS¯BELONGING¯TO¯THE¯SET¯ P9 ¯IS¯MAXIMIZED
)NPUT¯ IOGJS ¯THE¯DEFINITION¯OF¯THE¯SETS¯ )1 ¯ ))1 ¯ )))1 ¯AND¯THE¯NUMBER¯ P 
2EMARK¯
A
D ¯
A
Q ¯ARE¯INCIDENT¯AND¯
B
D ¯
B
Q ¯ARE¯INCIDENT
#HOOSE¯ANY¯PORT¯
A
Q ¯BELONGING¯TO¯THE¯SET¯ )))1 
)&¯ P
A
D  9 ¯4(%.
)&¯ ))
B
Q  1 ¯SUCH¯THAT¯THE¯FOLLOWING¯CONDITIONS¯ARE¯SATISFIED
P
B
D  9
4HERE¯IS¯EITHER¯A¯0LINK¯	 
A BD D ¯OR¯4&LINK¯	 
4& A BD U D ¯4(%.
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Q  1 ¯SUCH¯THAT¯THE¯FOLLOWING¯CONDITIONS¯ARE¯SATISFIED
P
B
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B
Q  1 ¯SUCH¯THAT¯THE¯FOLLOWING¯CONDITIONS¯ARE¯SATISFIED
P
B
D  9
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LINK¯	 
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2EPEAT¯UNTIL¯ALL¯PORTS¯BELONGING¯TO¯THE¯SET¯ )))1 ¯HAVE¯BEEN¯USED
2EMARK¯¯!LGORITHM¯	
3UPPOSE¯THAT¯AFTER¯APPLYING¯!LGORITHM¯¯TO¯AN¯)/’*3¯SOME¯OF¯THE¯PORTS¯BELONGING¯TO
)))1 ¯JOIN¯JUNCTIONS¯THAT¯DO¯NOT¯BELONG¯TO¯9 ¯4HEN¯THE¯FOLLOWING¯CAN¯BE¯CONCLUDED
;!A= 4HERE¯ ARE¯ NO¯ BASIC¯ LINKS¯ BETWEEN¯ THE¯ JUNCTIONS¯ OF¯ THESE¯ PORTS¯ AND¯ OTHER
JUNCTIONS¯JOINING¯THE¯PORTS¯BELONGING¯TO¯ ))1 
;!B= 4HERE¯ARE¯NO¯’9LINKS¯BETWEEN¯THE¯JUNCTIONS¯ADJOINING¯THESE¯PORTS
(ENCE¯IF¯ P  ¯THEN¯THE¯EFFORT¯OF¯ )))Q  1 ¯ADJOINING¯THE¯JUNCTION¯CAN¯BE¯EXPRESSED
AS
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E E E F
Q 1 Q Q 1
 B  C X X 
(ERE¯E ¯IS¯THE¯EFFORT¯OF¯ Q ¯ 
I I
E F ¯ARE¯THE¯POWER¯VARIABLES¯OF¯
I
Q ¯AND¯ 	 
 	 

I I
B CX X ¯ARE

SMOOTH¯SCALAR¯FUNCTIONS¯!¯SIMILAR¯RELATION¯CAN¯BE¯OBTAINED¯FOR¯ P  ¯THAT¯IS
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Q 1 Q Q 1
 B  C X X 
WHERE¯ F ¯IS¯THE¯FLOW¯OF¯Q 
 4RANSFORMATION¯OF¯’*3¯INTO¯)/’*3
!¯GENERALIZED¯ JUNCTION¯ STRUCTURE¯ IS¯ NOT¯ AN¯ )/’*3¯ IF¯ AT¯ LEAST¯ ONE¯ THE¯ CONDITIONS¯ OF
$EFINITION¯ ¯ IS¯ NOT¯ SATISFIED¯ 4HERE¯ ARE¯ FOUR¯ CASES¯ IN¯ WHICH¯ THE¯ CONDITIONS¯ OF
$EFINITION¯¯ARE¯VIOLATED
#ONSIDER¯ A¯ PART¯ OF¯ ’*3¯ SHOWN¯ IN¯ &IGURE¯ ¯ ,ET¯ THE¯ NUMBER¯ OF¯ PORTS¯ JOINING¯ THE
JUNCTION¯ PD ¯BE¯LARGER¯THAN¯ONE¯4HEN¯CONDITION¯;$A=¯IS¯NOT¯SATISFIED¯4HIS¯VIOLATION
IS¯CALLED¯VIOLATION¯OF¯4YPE¯
DP
Q

Q
K
Q
K
Q

¯¯¯¯
&IGURE¯¯6IOLATION¯OF¯4YPE¯
4HIS¯ VIOLATION¯ CAN¯ BE¯ RESOLVED¯ AS¯ SHOWN¯ IN¯ &IGURE¯ ¯ !LL¯ PORTS¯ EXCEPT¯ ONE¯ ARE
REPLACED¯ BY¯ THE¯ COMBINATION¯ BOND¶JUNCTION¶PORT¯ 4HE¯ ORIENTATION¯ OF¯ THE¯ ADDED
BONDS¯IS¯THE¯SAME¯AS¯ONE¯OF¯THE¯REPLACED¯PORTS¯)F¯P¯P	¯THEN¯THE¯ADDED¯JUNCTIONS
BELONG¯TO¯9¯9	¯4HE¯CHOICE¯OF¯THE¯BOND¯THAT¯IS¯NOT¯REPLACED¯IS¯ARBITRARY
DPKÅ
Q

QK
QK
Q

¯¯¯¯
DP
DKÅ
P
D

P
&IGURE¯¯3OLUTION¯FOR¯THE¯VIOLATION¯OF¯4YPE¯
#ONSIDER¯THE¯PART¯OF¯A¯’*3¯SHOWN¯IN¯&IGURE¯¯,ET¯THE¯NUMBER¯OF¯PORTS¯INCIDENT¯ON
THE¯JUNCTION¯DP¯BE¯ZERO¯4HEN¯AGAIN¯CONDITION¯;$A=¯IS¯NOT¯SATISFIED¯4HIS¯VIOLATION¯IS
CALLED¯VIOLATION¯OF¯4YPE¯

4&
’9
D PDP
&IGURE¯¯6IOLATION¯OF¯4YPE¯
4HE¯VIOLATION¯OF¯4YPE¯¯CAN¯BE¯RESOLVED¯AS¯SHOWN¯IN¯&IGURE¯¯)F¯ P  ¯THEN¯THE¯ZERO
EFFORT¯SOURCE¯ IS¯CONNECTED¯TO¯THE¯JUNCTION¯ D ¯ )F¯ P  ¯THEN¯THE¯ZERO¯ FLOW¯SOURCE¯ IS
CONNECTED¯TO¯THE¯JUNCTION¯ D 
’9¯¯R

4&¯¯R
K

D
4&
’9
D 3F¯¯3E¯¯
B	A	
D D
&IGURE¯¯3OLUTION¯FOR¯THE¯VIOLATION¯OF¯4YPE¯¯A	¯P¯B	¯P
#ONSIDER¯ THE¯ PART¯ OF¯ A¯ ’*3¯ SHOWN¯ IN¯ &IGURE¯ ¯ ,ET¯ THERE¯ EXIST¯ A¯ 4&LINK¯ WHOSE
VERTICES¯ ARE¯ JUNCTIONS¯ OF¯ THE¯ SAME¯ TYPE¯ 4HEN¯ THE¯ CONDITION¯ ;$B=¯ IS¯ NOT¯ SATISFIED
4HIS¯VIOLATION¯IS¯CALLED¯VIOLATION¯OF¯4YPE¯
DP4&¯¯RD
P
bb
&IGURE¯¯6IOLATION¯OF¯4YPE¯
)T¯ CAN¯BE¯ RESOLVED¯ AS¯ SHOWN¯ IN¯&IGURE¯ ¯ )F¯ P  ¯ THEN¯ THE¯ ENTERING¯ BOND¯ OF¯ THE
TRANSFORMER¯ IS¯ REPLACED¯ BY¯ A¯ COMBINATION¯ BOND¶JUNCTION¶BOND¯ 4O¯ ENSURE¯ THAT
THE¯FIRST¯CONDITION¯OF¯$EFINITION¯¯IS¯SATISFIED¯A¯ZERO¯EFFORT¯SOURCE¯IS¯CONNECTED¯TO¯THE
ADDED¯JUNCTION¯)F¯ P  ¯THEN¯THE¯LEAVING¯BOND¯OF¯THE¯TRANSFORMER¯IS¯REPLACED¯BY¯A
COMBINATION¯BOND¶JUNCTION¶BOND¯4O¯ENSURE¯THAT¯THE¯FIRST¯CONDITION¯OF¯$EFINITION
¯IS¯SATISFIED¯A¯ZERO¯FLOW¯SOURCE¯IS¯CONNECTED¯TO¯THE¯ADDED¯JUNCTION
DD bb D

3F¯¯
D4&¯¯RD

bb D

3E¯¯
4&¯¯R
B	A	
&IGURE¯¯3OLUTION¯FOR¯THE¯VIOLATION¯OF¯4YPE¯¯A	¯P¯B	¯P
#ONSIDER¯ THE¯ PART¯ OF¯ ’*3¯ SHOWN¯ IN¯ &IGURE¯ ¯ ,ET¯ THERE¯ EXIST¯ A¯ ’9LINK¯ WHICH
VERTICES¯ARE¯THE¯JUNCTIONS¯OF¯THE¯DIFFERENT¯TYPES¯4HEREFORE¯THE¯CONDITION¯;$C=¯IS¯NOT
SATISFIED¯4HIS¯VIOLATION¯IS¯CALLED¯VIOLATION¯OF¯4YPE¯

DP’9¯¯RD
P
bb
&IGURE¯¯6IOLATION¯OF¯4YPE¯
)T¯ CAN¯BE¯ RESOLVED¯ AS¯ SHOWN¯ IN¯&IGURE¯ ¯ )F¯ P  ¯ THEN¯ THE¯ ENTERING¯ BOND¯ OF¯ THE
GYRATOR¯ IS¯ REPLACED¯ BY¯ A¯ COMBINATION¯ BOND¶JUNCTION¶BOND¯ AND¯ A¯ ZERO¯ EFFORT
SOURCE¯ IS¯ CONNECTED¯ TO¯ THE¯ ADDED¯ JUNCTION¯ )F¯ P  ¯ THEN¯ THE¯ LEAVING¯ BOND¯ OF
TRANSFORMER¯’9¯ IS¯ REPLACED¯ BY¯ A¯ COMBINATION¯ BOND¶JUNCTION¶BOND¯ AND¯ A¯ ZERO
EFFORT¯SOURCE¯IS¯CONNECTED¯TO¯THE¯ADDED¯JUNCTION
bb D
 D’9¯¯Rbb D

3E¯¯
B	A	
D’9¯¯RD

3E¯¯
D
&IGURE¯¯3OLUTION¯FOR¯THE¯VIOLATION¯OF¯4YPE¯¯A	¯P¯B	¯P
4HEREFORE¯THE¯PROCEDURE¯FOR¯TRANSFORMING¯AN¯ARBITRARY¯’*3¯INTO¯AN¯)/’*3¯IS¯REDUCED
TO¯ FINDING¯ THE¯ PARTS¯ OF¯ ’*3¯ THAT¯ VIOLATE¯ THE¯ CONDITIONS¯ OF¯ $EFINITION¯ ¯ AND¯ TO
RESOLVING¯THESE¯VIOLATIONS¯AS¯SHOWN¯IN¯&IGURE¯¯&IGURE¯¯&IGURE¯¯&IGURE¯¯)N
THIS¯WAY¯AN¯)/’*3¯IS¯OBTAINED
4HE¯ DIMENSION¯ OF¯ THE¯ $IRAC¯ STRUCTURE¯ THAT¯ CORRESPONDS¯ TO¯ THE¯ OBTAINED¯ )/’*3¯ IS
LARGER¯ THAN¯ THE¯ DIMENSION¯ OF¯ THE¯ ONE¯ CORRESPONDING¯ TO¯ THE¯ ORIGINAL¯ ’*3¯ 4HE
DIMENSION¯IS¯INCREASED¯BY¯THE¯NUMBER¯OF¯VIOLATIONS¯OF¯THE¯4YPE¯¯4YPE¯¯AND¯4YPE
¯ 4HE¯ OBTAINED¯ )/’*3¯ IS¯ CALLED¯ AN¯ EXTENDED¯ )/’*3¯ !LSO¯ THE¯ CORRESPONDING
GENERALIZED¯BOND¯GRAPH¯WITH¯EXTENDED¯)/’*3¯IS¯CALLED¯AN¯EXTENDED¯)/’"’
7E¯INTRODUCE¯TWO¯NEW¯SETS¯OF¯PORTS¯ 3E1 ¯AND¯ 3F1 ¯(ERE¯ 31 ¯ 3F1 	¯STANDS¯FOR¯THE
SET¯ OF¯ PORTS¯ THAT¯ REPRESENT¯ THE¯ CONNECTIONS¯ OF¯ THE¯ EXTENDED¯ )/’*3¯ TO¯ ADDED¯ ZERO
EFFORT¯SOURCES¯ADDED¯ZERO¯FLOW¯SOURCES	¯4HEREFORE¯THE¯SET¯OF¯PORTS¯OF¯THE¯EXTENDED
)/’*3¯IS¯GIVEN¯BY
 
EX 3E 3F1  1 1 1U U 
(ERE¯
EX
N ¯STANDS¯FOR¯THE¯NUMBER¯OF¯PORTS¯OF¯EXTENDED¯)/’*3¯.OW¯SOME¯DEFINITIONS
THAT¯WILL¯BE¯USED¯IN¯SEQUEL¯ARE¯GIVEN
$EFINITION¯¯!UXILIARY¯JUNCTION	
#ONSIDER¯AN¯EXTENDED¯)/’*3¯ )F¯A¯ JUNCTION¯ADJOINS¯AN¯ADDED¯ ZERO¯ SOURCE¯ THEN¯ IT¯ IS
CALLED¯AN¯AUXILIARY¯JUNCTION

$EFINITION¯¯!UXILIARY¯VARIABLES	
4HE¯AUXILIARY¯VARIABLES¯ARE¯THE¯EFFORTS¯OF¯THE¯AUXILIARY¯JUNCTIONS¯AND¯THE¯FLOWS¯OF¯THE
AUXILIARY¯JUNCTIONS
%XAMPLE¯¯#ONTINUATION¯OF¯%XAMPLE¯	
ONSIDER¯THE¯ELECTRICAL¯CIRCUIT¯SHOWN¯IN¯&IGURE¯A ¯4HE¯’"’¯MODEL¯OF¯THIS¯SYSTEM¯IS
SHOWN¯IN¯&IGURE¯B ¯4HE¯’*3¯IS¯NOT¯AN¯)/’*3¯SINCE¯THE¯PORTS¯
 
Q Q ¯ADJOIN¯THE¯SAME
JUNCTION¯VIOLATION¯OF¯4YPE¯	¯!LSO¯THE¯TRANSFORMER¯IS¯ADJACENT¯ON¯TWO¯JUNCTIONS
VIOLATION¯ OF¯ 4YPE¯ 	¯ 4HOSE¯ PROBLEMS¯ CAN¯ BE¯ SOLVED¯ AS¯ SHOWN¯ IN¯ &IGURE¯ ¯ AND
&IGURE¯¯)N¯THIS¯WAY¯AN¯EXTENDED¯)/’"’¯SHOWN¯IN¯&IGURE¯¯IS¯OBTAINED

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&IGURE¯¯%XTENDED¯)/’"’¯REPRESENTATION¯OF¯ELECTRICAL¯CIRCUIT¯SHOWN¯IN¯&IGURE¯A
 #ONSTRUCTIVE¯PROOF¯OF¯4HEOREM¯
)N¯THIS¯SECTION¯WE¯GIVE¯AN¯ALTERNATIVE¯PROOF¯OF¯4HEOREM¯¯!LL¯NECESSARY¯TOOLS¯FOR¯THIS
PROOF¯ HAVE¯ BEEN¯ DEVELOPED¯ IN¯ SUBSECTIONS¯ ¯ 4HE¯ PROOF¯ OF¯ 4HEOREM¯ ¯ IS
CONSTRUCTIVE¯AND¯IT¯IS¯GIVEN¯AS¯AN¯ALGORITHM¯CONTAINING¯FIVE¯STEPS
!LGORITHM¯¯$ERIVING¯THE¯$IRAC¯STRUCTURE¯FROM¯’*3	
’OAL¯$ERIVING¯THE¯$IRAC¯STRUCTURE¯FROM¯’*3
)NPUT¯’*3¯THAT¯SATISFIES¯THE¯CONDITIONS¯;!SA=;!SE=
3TEP¯¯4RANSFORM¯’*3¯INTO¯THE¯EXTENDED¯)/’*3¯AS¯SHOWN¯IN¯SECTION¯
3TEP¯¯!PPLY¯!LGORITHM¯¯TO¯THE¯EXTENDED¯)/’*3¯OBTAINED¯IN¯THE¯STEP¯
3TEP¯¯!PPLY¯!LGORITHM¯¯TO¯THE¯EXTENDED¯)/’*3¯OBTAINED¯IN¯THE¯STEP¯¯ )1   

))) 3E1  1 ¯ )) EX 3E<1  1 1 ¯AND¯ P  	
3TEP¯ ¯ !PPLY¯ !LGORITHM¯ ¯ TO¯ THE¯ )/’*3¯ OBTAINED¯ IN¯ THE¯ STEP¯ ¯  ) 3E1  1 

))) 3F1  1 ¯ ))1  1 ¯AND¯ P  	
3TEP¯ ¯ %LIMINATE¯ ALL¯ ADDED¯ ZERO¯ SOURCE¯ PORTS¯ ALL¯ AUXILIARY¯ JUNCTIONS¯ AND¯ ALL¯ BASIC
LINKS¯WHERE¯ONE¯OF¯THE¯VERTICES¯IS¯AN¯AUXILIARY¯JUNCTION

#ONSIDER¯ A¯ ’*3¯ SATISFYING¯ THE¯ CONDITIONS¯ ;!SA=;!SE=¯ !FTER¯ STEP¯ ¯ AN¯ EXTENDED
)/’*3¯ IS¯ OBTAINED¯ 4HE¯ INTERCONNECTION¯ RELATIONS¯ OF¯ THE¯ EXTENDED¯ )/’*3¯ ARE
DESCRIBED¯BY¯STEP¯	
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I F E ¯ ARE¯ THE¯POWER¯ VARIABLES¯ OF¯ THE¯PORTS¯BELONGING¯ TO¯ THE¯ SET¯ EX1
AND¯ 	 
EX* X ¯ IS¯ A¯ SKEWSYMMETRIC¯ MATRIX¯ !PPLYING¯ STEPS¯ ¯ TO¯ THE¯ )/’*3¯ AN
EQUIVALENT¯ EXTENDED¯ )/’*3¯ IS¯ OBTAINED¯ WHOSE¯ INTERCONNECTION¯ RELATION¯ CAN¯ BE
EXPRESSED¯AS
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(ERE¯
 
E F ¯ 
 
E F 	¯ ARE¯ THE¯ POWER¯ VARIABLES¯ OF¯ THE¯ PORTS¯ BELONGING¯ TO¯ 1 ¯ AND¯ THE
ADJOINING¯JUNCTIONS¯JUNCTIONS	¯  3E 3E
 
E F ¯  3E 3E
 
E F 	¯ARE¯THE¯POWER¯VARIABLES¯OF¯THE
ADDED¯ ZERO¯ EFFORT¯ SOURCES¯ ADJOINING¯ THE¯ JUNCTIONS¯ JUNCTIONS	¯ AND¯  3F 3F
 
E F
  3F 3F
 
E F 	¯ ARE¯ THE¯ POWER¯ VARIABLES¯ OF¯ THE¯ ADDED¯ ZERO¯ FLOW¯ SOURCES¯ ADJOINING¯ THE¯ 
JUNCTIONS¯JUNCTIONS	
’IVEN¯ THAT¯ !LGORITHM¯ ¯ IS¯ APPLIED¯ IN¯ STEP¯ ¯ THERE¯ ARE¯ ONLY¯ 0LINKS¯ OR¯ 4&LINKS
BETWEEN¯ JUNCTIONS¯ ADJOINING¯ ADDED¯ ZERO¯ EFFORT¯ SOURCES¯ AND¯ JUNCTIONS¯ ADJOINING
ADDED¯ZERO¯EFFORT¯SOURCES¯ 	 


* X ¯IS¯NOT¯IDENTICALLY¯EQUAL¯TO¯ZERO	
3INCE¯!LGORITHM¯¯IS¯APPLIED¯IN¯STEP¯¯THERE¯ARE¯ONLY¯0LINKS¯OR¯4&LINKS¯BETWEEN¯
JUNCTIONS¯ADJOINING¯ADDED¯ZERO¯FLOW¯SOURCES¯AND¯JUNCTIONS¯ADJOINING¯ADDED¯ZERO¯FLOW
SOURCES¯  	 


* X ¯ IS¯ NOT¯ IDENTICALLY¯ EQUAL¯ TO¯ ZERO	¯ !LSO¯ THERE¯ ARE¯ ONLY¯ ’9LINKS
BETWEEN¯JUNCTIONS¯ADJOINING¯ADDED¯ZERO¯FLOW¯SOURCES¯AND¯ADDED¯ZERO¯EFFORT¯SOURCES
 	 


* X IS¯NOT¯IDENTICALLY¯EQUAL¯TO¯ZERO	
3INCE¯  3E 3E
 
  E E ¯  3E 3E
 
  F F ¯THE¯ADDED¯ZERO¯SOURCES¯DO¯NOT¯INFLUENCE¯THE
INTERCONNECTION¯RELATIONS¯OF¯THE¯PORTS¯BELONGING¯TO¯1 ¯4HEREFORE¯WE¯CAN¯ELIMINATE¯ALL
ADDED¯ZERO¯SOURCES¯ALL¯AUXILIARY¯JUNCTIONS¯AND¯ALL¯BASIC¯LINKS¯WHERE¯ONE¯OF¯EDGES¯IS¯AN
AUXILIARY¯JUNCTION¯STEP¯	¯!S¯A¯RESULT¯AN¯)/’*3¯DESCRIBED¯BY
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IS¯ OBTAINED¯ (ERE¯ 	 
* X ¯ IS¯ A¯ SKEWSYMMETRIC¯ MATRIX¯ 4HE¯ RELATIONS¯ DESCRIBING
AUXILIARY¯VARIABLES¯ARE¯GIVEN¯BY
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2EMARK¯¯$ERIVING¯THE¯$IRAC¯STRUCTURE¯FROM¯’*3	
4HE¯RELATION¯	¯DOES¯NOT¯UNIQUELY¯DEFINE¯THE¯VALUES¯OF¯ 3E

F ¯ 3E

F ¯ 3F

E ¯ 3F

E ¯4HIS¯IS
DISCUSSED¯IN¯SUBSECTION¯
%XAMPLE¯¯#ONTINUATION¯OF¯%XAMPLE¯	
#ONSIDER¯THE¯’"’¯SHOWN¯ IN¯&IGURE¯B ¯4HE¯!LGORITHM¯¯ IS¯APPLIED¯ TO¯ THE¯’*3¯OF
’"’¯SHOWN¯IN¯&IGURE¯B ¯!N¯EXTENDED¯)/"’"¯IS¯SHOWN¯IN¯&IGURE¯¯STEP¯	¯4HE
INTERCONNECTION¯RELATIONS¯OF¯EXTENDED¯)/’*3¯ARE¯GIVEN¯BY¯STEP¯	
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!FTER¯ APPLYING¯ STEPS¯ ¯ PORTS¯

Q ¯

Q ¯ INTERCHANGE¯ THEIR¯ POSITIONS	¯ AN¯ EQUIVALENT
EXTENDED¯)/’*3¯IS¯OBTAINED¯&IGURE¯	
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&IGURE¯¯%XTENDED¯EQUIVALENT¯)/’"’¯REPRESENTATION¯OF¯’"’¯SHOWN¯IN¯&IGURE¯
4HE¯INTERCONNECTION¯RELATIONS¯ARE¯GIVEN¯BY
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3INCE¯THERE¯ARE¯NO¯ADDED¯ZERO¯FLOW¯SOURCES¯STEP¯¯DOES¯NOT¯CHANGE¯ANYTHING¯)/’*3
OBTAINED¯AFTER¯APPLYING¯STEP¯¯IS¯SHOWN¯IN¯&IGURE¯
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&IGURE¯¯%QUIVALENT¯)/’"’¯REPRESENTATION¯OF¯’"’¯SHOWN¯IN¯&IGURE¯
4HE¯INTERCONNECTION¯RELATIONS¯ARE¯GIVEN¯BY
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 3INGULAR¯’*3
#ONSIDER¯ THE¯ ELECTRICAL¯ CIRCUIT¯ SHOWN¯ IN¯&IGURE¯ A ¯ 4HE¯ GENERALIZED	¯ BOND¯ GRAPH
MODEL¯ OF¯ THIS¯ SYSTEM¯ IS¯ SHOWN¯ IN¯ &IGURE¯ B ¯ 4HE¯ EQUATIONS¯ DESCRIBING¯ THE¯ ’*3
SHOWN¯IN¯&IGURE¯B ¯ARE¯GIVEN¯BY¯
 
F F ¯
 
E E ¯
P G
E E E  ¯)T¯ IS¯CLEAR¯THAT¯WE
CAN¯ NOT¯ UNIQUELY¯ DETERMINE¯ THE¯ VALUES¯ OF¯ THE¯ EFFORTS¯ OF¯ JUNCTIONS¯ 4HE¯ PHYSICAL
EXPLANATION¯IS¯THAT¯WE¯HAVE¯NOT¯DEFINED¯THE¯GROUND¯OF¯THE¯CIRCUIT¯)F¯WOULD¯SET¯ 
G
E 
THEN¯
P
E ¯ WOULD¯ BE¯ UNIQUELY¯ DEFINED¯ 4HIS¯ TYPE¯ OF¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ IS
CALLED¯A¯SINGULAR¯’*3¯4HE¯FORMAL¯DEFINITION¯IS¯GIVEN¯BELOW

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&IGURE¯¯A	¯2#¯ELECTRICAL¯CIRCUIT¯B	¯GENERALIZED	¯BOND¯GRAPH¯MODEL
$EFINITION¯¯3INGULAR¯AND¯NONSINGULAR¯GENERALIZED¯JUNCTION¯STRUCTURE	
#ONSIDER¯ A¯ ’"’¯ SATISFYING¯ THE¯ CONDITIONS¯ ;!SA=;!SE=¯ 4HE¯ GENERALIZED¯ JUNCTION
STRUCTURE¯IS¯CALLED¯NONSINGULAR¯IF¯  X X ¯ALL¯INTERNAL¯VARIABLES¯ARE¯UNIQUELY¯DEFINED
BY¯THE¯PORT¯VARIABLES¯!¯’*3¯IS¯CALLED¯SINGULAR¯IF¯IT¯IS¯NOT¯NONSINGULAR
)N¯ SUBSECTION¯ ¯ IT¯ HAS¯ BEEN¯ SHOWN¯ HOW¯ A¯ ’*3¯ CAN¯ BE¯ TRANSFORMED¯ INTO¯ AN
EXTENDED¯)/’*3¯)F¯WE¯KNOW¯THE¯VALUES¯OF¯THE¯PORT¯VARIABLES¯OF¯THE¯EXTENDED¯)/’*3
THEN¯THE¯INTERNAL¯VARIABLES¯OF¯THE¯’*3¯ARE¯UNIQUELY¯DEFINED¯3INCE¯THE¯PORT¯VARIABLES
OF¯THE¯EXTENDED¯)/’*3¯ARE¯THE¯PORT¯VARIABLES¯OF¯THE¯’*3¯AND¯THE¯AUXILIARY¯VARIABLES
IT¯ FOLLOWS¯ THAT¯ THE¯ INTERNAL¯ VARIABLES¯ OF¯ THE¯ ’*3¯ ARE¯ UNIQUELY¯ DEFINED¯ BY¯ ITS¯ PORT
VARIABLES¯ IF¯ AND¯ ONLY¯ IF¯ THE¯ AUXILIARY¯ VARIABLES¯ ARE¯ UNIQUELY¯ DEFINED¯ BY¯ THE¯ PORT
VARIABLES¯4HIS¯IS¯SUMMARIZED¯AS¯FOLLOWS
4HEOREM¯¯.ONSINGULAR¯GENERALIZED¯JUNCTION¯STRUCTURE	
#ONSIDER¯A¯’"’¯SATISFYING¯THE¯CONDITIONS¯;!SA=;!SE=¯,ET¯ITS¯’*3¯BE¯TRANSFORMED
INTO¯ AN¯ EXTENDED¯ )/’*3¯ 4HE¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ IS¯ NONSINGULAR¯ IF¯ AND
ONLY¯IF¯  X X ¯ALL¯AUXILIARY¯VARIABLES¯ARE¯UNIQUELY¯DEFINED¯BY¯THE¯PORT¯POWER¯VARIABLES
OF¯THE¯’*3
!PPLY¯!LGORITHM¯¯TO¯A¯’*3¯WITHOUT¯PERFORMING¯STEP¯¯4HEN¯THE¯RELATIONS¯DESCRIBING
THE¯AUXILIARY¯VARIABLES¯ARE¯EXPRESSED¯BY¯	¯4HE¯AUXILIARY¯VARIABLES¯ 3E

F ¯ 3F

E ¯CAN¯BE
UNIQUELY¯ DETERMINED¯ IF¯ AND¯ ONLY¯ IF¯ THE¯ MATRICES¯ 	 


* X ¯ 	 


* X ¯ AND¯ 	 


* X ¯ ARE
IDENTICALLY¯ EQUAL¯ TO¯ ZERO¯ 4HIS¯ MEANS¯ THAT¯ THERE¯ ARE¯ NO¯ ADDED¯ ZERO¯ FLOW¯ SOURCES
ADJOINING¯THE¯JUNCTIONS¯AND¯NO¯ADDED¯ZERO¯EFFORT¯SOURCES¯ADJOINING¯THE¯JUNCTIONS
)N¯THAT¯CASE¯THE¯RELATIONS¯DESCRIBING¯THE¯AUXILIARY¯VARIABLES¯ARE¯EXPRESSED¯BY
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4HIS¯IS¯SUMMARIZED¯AS¯FOLLOWS

4HEOREM¯¯.ONSINGULAR¯GENERALIZED¯JUNCTION¯STRUCTURE	
#ONSIDER¯ A¯ ’"’¯ SATISFYING¯ THE¯ CONDITIONS¯ ;!SA=;!SE=¯ !SSUME¯ THAT¯ ITS¯ ’*3¯ IS
TRANSFORMED¯ INTO¯ AN¯ EXTENDED¯ )/’*3¯ 4HE¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ IS¯ NON
SINGULAR¯IF¯AND¯ONLY¯IF¯FOR¯EVERY¯ X X ¯THERE¯EXISTS¯AN¯)/’*3¯WHICH¯IS¯EQUIVALENT¯TO
THE¯EXTENDED¯)/’*3¯SUCH¯THAT¯ALL¯ADDED¯ZERO¯EFFORT¯SOURCES¯ADJOIN¯JUNCTIONS¯AND¯ALL
ADDED¯ZERO¯FLOW¯SOURCES¯ADJOIN¯JUNCTIONS
%XAMPLE¯¯2#¯CIRCUIT¯SHOWN¯IN¯&IGURE¯	
#ONSIDER¯THE¯GENERALIZED¯BOND¯GRAPH¯SHOWN¯IN¯&IGURE¯B ¯4H¯EXTENDED¯)/’"’¯IS
SHOWN¯IN¯&IGURE¯A ¯!FTER¯APPLYING¯!LGORITHM¯¯TO¯THE¯EXTENDED¯)/’*3¯SHOWN¯IN
&IGURE¯A ¯AN¯EQUIVALENT¯EXTENDED¯)/’*3¯IS¯OBTAINED¯AS¯SHOWN¯IN¯&IGURE¯B ¯3INCE
THERE¯IS¯AN¯ADDED¯ZERO¯FLOW¯SOURCE¯PORT¯ADJOINING¯A¯JUNCTION¯ONE¯CAN¯CONCLUDE¯THAT
THE¯’*3¯SHOWN¯IN¯&IGURE¯B ¯ IS¯SINGULAR¯(OWEVER¯THE¯ INTERCONNECTION¯RELATIONS¯OF
PORTS¯BELONGING¯TO¯1 ¯ARE¯UNIQUELY¯DETERMINED¯ENCIRCLED¯PART¯SHOWN¯IN¯&IGURE¯B 	
AS
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&IGURE¯¯A	¯%XTENDED¯)/’"’¯B	¯%QUIVALENT¯EXTENDED¯)/’"’
#ONSIDER¯THE¯CASE¯WHEN¯THE¯AUXILIARY¯VARIABLES¯CAN¯BE¯UNIQUELY¯DETERMINED¯ONLY¯FOR
THE¯STATES¯IN¯SOME¯SUBSET¯ S ¯OF¯X ¯4HE¯VALUES¯OF¯X ¯FOR¯WHICH¯THE¯AUXILIARY¯VARIABLE
CAN¯ NOT¯ BE¯ UNIQUELY¯ DETERMINED¯ ARE¯ CALLED¯ THE¯ SINGULAR¯ CONFIGURATIONS¯ OF¯ THE
CONSIDERED¯SYSTEM¯4HIS¯TYPE¯OF¯’*3¯OFTEN¯APPEARS¯IN¯’"’¯REPRESENTING¯RIGID¯BODIES
WITH¯CLOSED¯CHAINS¯THE¯INTERNAL¯POWER¯VARIABLES¯ARE¯USUALLY¯THE¯CONSTRAINT¯FORCES¯IN¯A
JOINT	

 #ONCLUSION
4HE¯ MAIN¯ CONTRIBUTION¯ OF¯ THIS¯ PAPER¯ IS¯ GIVEN¯ IN¯ SECTION¯ ¯ )T¯ HAS¯ BEEN¯ PROVED
4HEOREM¯	¯THAT¯A¯$IRAC¯STRUCTURE¯ CAN¯BE¯ASSOCIATED¯TO¯EVERY¯GENERALIZED¯ JUNCTION
STRUCTURE¯!LSO¯A¯CONSTRUCTIVE¯ALGORITHM¯TO¯OBTAIN¯THE¯$IRAC¯STRUCTURE¯HAS¯BEEN¯GIVEN
!LGORITHM¯ 	¯ 4HE¯ CONCEPT¯ OF¯ A¯ SINGULAR¯ GENERALIZED¯ JUNCTION¯ STRUCTURE¯ HAS¯ BEEN
INTRODUCED¯ AND¯ SUFFICIENT¯ AND¯ NECESSARY¯ CONDITIONS¯ FOR¯ A¯ GENERALIZED¯ JUNCTION
STRUCTURE¯BEING¯NONSINGULAR¯HAVE¯BEEN¯GIVEN¯!LSO¯THE¯TRANSFORMATION¯OF¯A¯SINGULAR
BOND¯ GRAPH¯ INTO¯ A¯ NONSINGULAR¯ ONE¯ HAS¯ BEEN¯ TREATED¯ 4HE¯ TOOLS¯ DEVELOPED¯ IN
SUBSECTION¯¯!LGORITHM¯	¯ARE¯THE¯BASIS¯FOR¯THE¯FURTHER¯ANALYSIS¯OF¯THE¯GENERALIZED
BOND¯GRAPH¯AND¯THE¯EXTRACTION¯OF¯EQUATIONS¯SUITABLE¯FOR¯NUMERICAL¯SIMULATION¯AS¯WILL
BE¯DEALT¯WITH¯IN¯THE¯SECOND¯PART¯OF¯THIS¯PAPER
,ITERATURE
;= #¯"IDARD¯$ISPLAYING¯+IRCHHOFFS¯INVARIANTS¯IN¯3IMPLE¯*UNCTION¯3TRUCTURES¯IN¯0¯#¯"REEDVELD
AND¯ ’¯ $AUPHIN4ANGUY¯ EDS¯ TH¯ )-!#3¯ 7ORLD¯ #ONGRESS¯ .ORTH¯ (OLLAND¯ ¯ %LSEVIER
$UBLIN¯¯PP¯
;= 3¯(¯"IRKETT¯ AND¯0¯(¯2OE¯4HE¯-ATHEMATICAL¯ &OUNDATIONS¯ OF¯ "OND¯ GRAPHS¯ ¯ )¯!LGEBRAIC
4HEORY¯*OURNAL¯OF¯THE¯&RANKLIN¯)NSTITUTE¯¯	¯PP¯
;= 3¯(¯"IRKETT¯ AND¯ 0¯(¯2OE¯4HE¯-ATHEMATICAL¯ &OUNDATIONS¯ OF¯ "OND¯ GRAPHS¯ ¯ ))¯ $UALITY
*OURNAL¯OF¯THE¯&RANKLIN¯)NSTITUTE¯¯	¯PP¯
;= 3¯(¯"IRKETT¯ AND¯0¯(¯2OE¯4HE¯-ATHEMATICAL¯&OUNDATIONS¯ OF¯"OND¯ GRAPHS¯ ¯ )))¯-ATROID
4HEORY¯*OURNAL¯OF¯THE¯&RANKLIN¯)NSTITUTE¯¯	¯PP¯
;= 3¯ (¯ "IRKETT¯ AND¯ 0¯ (¯ 2OE¯4HE¯-ATHEMATICAL¯ &OUNDATIONS¯ OF¯ "OND¯ GRAPHS¯ ¯ )6¯-ATRIX
2EPRESENTATIONS¯AND¯#AUSALITY¯*OURNAL¯OF¯THE¯&RANKLIN¯)NSTITUTE¯¯	¯PP¯
;= !¯ -¯ "LOCH¯ AND¯ 0¯ %¯ #ROUCH¯ 2EPRESENTATION¯ OF¯ $IRAC¯ 3TRUCTURE¯ ON¯ 6ECTOR¯ 3PACES¯ AND
.ONLINEAR¯ ,#¯ CIRCUITS¯ IN¯ ’¯ &ERREYRA¯ 2¯ ’ARDNER¯ (¯ (ERMES¯ AND¯ (¯ 3USSMANN¯ EDS
3YMPOSIA¯IN¯PURE¯-ATHEMATICS¯$IFFERENTIAL¯’EOMETRY¯AND¯#ONTROL¯4HEORY¯!-3¯¯
PP¯
;= 0¯ #¯ "REEDVELD¯ $ECOMPOSITION¯ OF¯ -ULTIPORT¯ %LEMENTS¯ IN¯ A¯ 2EVISED¯ -ULTIBOND¯ ’RAPH
.OTATION¯*OURNAL¯OF¯THE¯&RANKLIN¯)NSTITUTE¯¯	¯PP¯
;= 0¯ #¯ "REEDVELD¯ -ULTIBOND¯ ’RAPH¯ %LEMENTS¯ IN¯ 0HYSICAL¯ 3YSTEM¯ 4HEORY¯ *OURNAL¯ OF¯ THE
&RANKLIN¯)NSTITUTE¯¯	¯PP¯
;= 0¯#¯"REEDVELD¯0HYSICAL¯3YSTEMS¯4HEORY¯IN¯4ERMS¯OF¯"OND¯’RAPHS¯0H$¯4HESIS¯%LECTRICAL
%NGINEERING¯4WENTE¯%NSCHEDE¯¯PP¯
;= 0¯ #¯ "REEDVELD¯ 4HERMODYNAMIC¯ "OND¯ ’RAPHS¯ AND¯ THE¯ 0ROBLEM¯ OF¯ 4HERMAL¯ )NERTANCE
*OURNAL¯OF¯THE¯&RANKLIN¯)NSTITUTE¯¯	¯PP¯
;= 4¯ *¯ #OURANT¯$IRAC¯ -ANIFOLDS¯ 4RANSACTIONS¯ OF¯ THE¯ !MERICAN¯ -ATHEMATICAL¯ 3OCIETY¯ 

	¯PP¯
;= -¯$ALSMO¯AND¯!¯*¯VAN¯DER¯3CHAFT¯/N¯2EPRESENTATIONS¯ AND¯ )NTEGRABILITY¯ OF¯-ATHEMATICAL
3TRUCTURES¯ IN¯ %NERGY#ONSERVING¯ 0HYSICAL¯ 3YSTEMS¯ 3)!-¯ *OURNAL¯ ON¯ #ONTROL¯ AND
/PTIMIZATION¯¯	¯PP¯
;= $¯#¯+ARNOPP¯$¯,¯-ARGOLIS¯AND¯2¯#¯2OSENBERG¯3YSTEMS¯$YNAMICS¯!¯5NIFIED¯!PPROACH
*OHN¯7ILEY¯.EW¯9ORK¯
;= *¯$¯,AMB¯$¯2¯7OODALL¯AND¯’¯-¯!SHER¯"OND¯GRAPHS¯)¯!CAUSAL¯%QUIVALENCE¯$ISCRETE
!PPLIED¯-ATHEMATICS¯¯	¯PP¯
;= *¯ $¯ ,AMB¯ $¯ 2¯7OODALL¯ AND¯ ’¯-¯ !SHER¯"OND¯ GRAPHS¯ ))¯ #AUSALITY¯ AND¯ 3INGULARITY
$ISCRETE¯!PPLIED¯-ATHEMATICS¯¯	¯PP¯
;= *¯$¯,AMB¯$¯2¯7OODALL¯AND¯’¯-¯!SHER¯"OND¯GRAPHS¯ )))¯"OND¯’RAPHS¯ ANS¯%LECTRICAL
.ETWORKS¯$ISCRETE¯!PPLIED¯-ATHEMATICS¯¯	¯PP¯
;= *¯ $¯ ,AMB¯ $¯ 2¯ 7OODALL¯ AND¯ ’¯ -¯ !SHER¯ %QUIVALENCES¯ OF¯ "OND¯ ’RAPH¯ *UNCTION
3TRUCTURES¯¯)#"’-¯3AN¯$IEGO¯#ALIFORNIA¯¯PP¯
;= "¯-ASCHKE¯!¯*¯VAN¯DER¯3CHAFT¯AND¯0¯#¯"REEDVELD¯!N¯)NTRINSIC¯(AMILTONIAN¯&ORMULATION
OF¯.ETWORK¯DYNAMICS¯.ON3TANDARD¯0OISSON¯3TRUCTURES¯AND¯’YRATORS¯*OURNAL¯OF¯THE¯&RANKLIN
)NSTITUTE¯¯	¯PP¯
;= "¯-¯-ASCHKE¯2¯/RTEGA¯AND¯!¯*¯VAN¯DER¯3CHAFT¯%NERGY"ASED¯,YAPUNOV¯&UNCTIONS¯ FOR
&ORCED¯(AMILTONIAN¯3YSTEMS¯WITH¯$ISSIPATION¯)NTERNAL¯REPORT¯5NIVERSITY¯OF¯4WENTE¯&ACULTY
OF¯-ATHEMATICAL¯3CIENCES¯%NSCHEDE¯¯PP¯
;= (¯.IJMEIJER¯AND¯!¯*¯VAN¯DER¯3CHAFT¯.ONLINEAR¯$YNAMICAL¯#ONTROL¯3YSTEMS¯3PRINGER6ERLAG
.EW¯9ORK¯
;= ’¯&¯/STER¯AND¯!¯3¯0ERELSON¯#HEMICAL¯2EACTION¯$YNAMICS¯0ART¯)¯’EOMETRICAL¯3TRUCTURE
!RCHIVE¯OF¯2ATIONAL¯-ECH¯!NAL¯¯	¯PP¯
;= (¯-¯0AYNTER¯!NALYSIS¯AND¯$ESIGN¯ OF¯%NGINEERING¯3YSTEMS¯4HE¯-)4¯0RESS¯#AMBRIDGE
-ASSACHUSETTS¯
;= !¯3¯0ERELSON¯"OND¯’RAPH¯*UNCTION¯3TRUCTURE¯ *OURNAL¯ OF¯$YNAMIC¯ 3YSTEMS¯MEASUREMENT
AND¯#ONTROL¯4RANSACTIONS¯!3-%¯3ERIES¯’¯¯	¯PP¯
;= !¯ 3¯ 0ERELSON¯ AND¯’¯ &¯/STER¯#HEMICAL¯ 2EACTION¯$YNAMICS¯ 0ART¯ ))¯ 2EACTION¯ .ETWORKS
!RCHIVE¯OF¯2ATIONAL¯-ECH¯!NAL¯¯	¯PP¯
;= !¯ 3¯ 0ERELSON¯ AND¯ (¯ -¯ 0AYNTER¯ $ISCUSSION¯ 4HE¯ 0ROPERTIES¯ OF¯ "OND¯ ’RAPH¯ *UNCTION
3TRUCTURE¯ -ATRICES¯ *OURNAL¯ OF¯ $YNAMIC¯ 3YSTEMS¯ MEASUREMENT¯ AND¯ #ONTROL¯ 4RANSACTIONS
!3-%¯3ERIES¯’¯¯	¯PP¯
;= 2¯#¯2OSENBERG¯AND¯*¯2¯!NDRY¯3OLVABILITY¯OF¯"OND¯’RAPHS¯*UNCTION¯3TRUCTURES¯WITH¯,OOPS
)%%%¯4RANSACTIONS¯ON¯#IRCUIT¯AND¯3YSTEMS¯#!3¯	¯PP¯
;= 2¯#¯2OSENBERG¯ AND¯"¯-OULTRIE¯"ASIS¯ /RDER¯ FOR¯ "OND¯ ’RAPH¯ *UNCTION¯ 3TRUCTURES¯ )%%%
4RANSACTIONS¯ON¯#IRCUIT¯AND¯3YSTEMS¯#!3¯	¯PP¯
;= !¯ *¯ VAN¯ DER¯ 3CHAFT¯ )NTERCONNECTION¯ AND¯ ’EOMETRY¯ IN¯ *¯ 7¯ 0OLDERMAN¯ AND¯ (¯ ,
4RENTELMAN¯ EDS¯ 4HE¯ -ATHEMATICS¯ OF¯ 3YSTEMS¯ AND¯ #ONTROL¯ &ROM¯ )NTELLIGENT¯ #ONTROL¯ TO
"EHAVIOUR¯3YSTEMS¯¯PP¯
;= !¯*¯VAN¯DER¯3CHAFT¯-¯$ALSMO¯AND¯"¯-¯-ASCHKE¯-ATHEMATICAL¯3TRUCTURES¯IN¯THE¯.ETWORK
2EPRESENTATION¯ OF¯ %NERGY#ONSERVING¯ 0HYSICAL¯ 3YSTEMS¯ ¯ 5NIVERSITY¯ OF¯ 4WENTE¯ &ACULTY¯ OF

-ATHEMATICAL¯3CIENCES¯%NSCHEDE¯¯PP¯
;= !¯*¯VAN¯DER¯3CHAFT¯AND¯"¯-¯-ASCHKE¯4HE¯(AMILTONIAN¯&ORMULATION¯OF¯%NERGY¯#ONSERVING
0HYSICAL¯ 3YSTEMS¯ WITH¯ %XTERNAL¯ 0ORTS¯ !RCHIV¯ FUR¯ %LEKTRONIK¯ UND¯ 5BERTRAGUNGSTECHNIK¯ 
	¯PP¯
;= !¯*¯VAN¯DER¯3CHAFT¯AND¯"¯-¯-ASCHKE¯/N¯THE¯(AMILTONIAN¯&ORMULATION¯OF¯.ONHOLONOMIC
-ECHANICAL¯3YSTEMS¯2EPORTS¯ON¯-ATHEMATICAL¯0HYSICS¯¯	¯PP¯
;= *¯ VAN¯ $IJK¯/N¯ THE¯ 2OLE¯ OF¯ "OND¯ ’RAPH¯ #AUSALITY¯ IN¯ -ODELLING¯ -ECHATRONIC¯ ¯ 3YSTEMS¯ 
&ACULTY¯OF¯%LECTRICAL¯%NGINEERING¯4WENTE¯%NSCHEDE¯¯PP¯
!PPENDIX¯ ¯ THE¯ PROOFS¯ OF¯ 4HEOREM¯ ¯ 4HEOREM¯ 
4HEOREM¯	
0ROOF¯OF¯4HEOREM¯
,ET¯D ¯DENOTE¯A¯$IRAC¯STRUCTURE¯RELATED¯TO¯ IOGJS ¯ D ¯IS¯REPRESENTED¯IN¯KERNEL¯FORM
AS
	 
 	 
 
  fl  fl ¡ ° ¡ ° ¡ °¢ – ¢ –
E
% X & X F  	
"Y¯ APPLYING¯ THE¯ PARTIAL¯ DUALIZATION¯ PROCEDURE¯ TO¯
I
Q ¯ THE¯ POWER¯ VARIABLE¯
I
E ¯
I
F
INTERCHANGE¯POSITIONS¯AND¯	¯CAN¯BE¯REWRITTEN¯AS
	 
 	 
 	 
 	 

4
I N I I N Ij  j 
  fl  fl  fl   fl ¡ °¡ ° ¡ ° ¡ ° ¡ °¡ °¢ – ¢ – ¡ °¢ – ¢ –
EE
% X & X 1 1 % X & XF F  	
(ERE¯
I N Ij 
1 ¯ IS¯ AN¯ N DIMENSIONAL¯ PERMUTATION¯ MATRIX¯ THAT¯ INTERCHANGES¯ THE
POSITIONS¯ I ¯AND¯ I N ¯4HE¯RELATION¯	¯REPRESENTS¯A¯$IRAC¯STRUCTURE¯DENOTED¯BY¯D 
)NDEED¯THE¯RANK¯CONDITION¯IS¯SATISFIED¯SINCE
	 
 	 
	 
 	 
 	 
	 
4RANK RANK I N I Nj   fl   fl ¡ ° ¡ °¢ – ¢ –% X & X % X & X 1 
AND¯THE¯POWER¯CONSERVATION¯CONDITION¯IS¯SATISFIED¯SINCE
	 
 	 
 	 
 	 

	 
 	 
 	 
 	 

	 
 	 
 	 
 	 

4 4
4 4 4 4
4 4 
I N I I N I I N I I N Ij  j  j  j 
 
 
 
% X & X & X % X
% X 1 1 & X & X 1 1 % X
% X & X & X % X
!LSO¯ D ¯ AND¯ D ¯ ARE¯ EQUIVALENT¯ ON¯ THE¯WHOLE¯ SATE¯ SPACE¯ X ¯ 

) 
N I N Ij 
 + 1 1 	
!SSUME¯WITHOUT¯LOSS¯OF¯GENERALITY¯THAT¯THE¯PARTIAL¯DUALIZATION¯PROCEDURE¯IS¯APPLIED¯TO
A¯PORT¯
I
Q ¯ADJOINING¯AN¯JUNCTION¯4HE¯$IRAC¯ STRUCTURE¯ D ¯ CAN¯BE¯ REPRESENTED¯ IN¯ A
HYBRID¯INPUTOUTPUT¯FORM¯WHERE¯ 	 


% X ¯IS¯OBTAINED¯FROM¯THE¯MATRIX¯ 	 


% X ¯THE¯FIRST


N ¯COLUMNS¯OF¯THE¯MATRIX¯ 	 
% X 	¯BY¯REMOVING¯ITS¯ THI ¯COLUMN¯AND¯ 	 


& X ¯IS¯OBTAINED
BY¯ADDING¯THE¯ THI ¯COLUMN¯OF¯ 	 


% X ¯AFTER¯PARTIAL¯DUALIZATION¯THIS¯COLUMN¯BELONGS¯TO
	 
& X 	¯ TO¯ THE¯MATRIX¯ 	 


& X ¯ THE¯ LAST¯

N ¯ COLUMNS¯ OF¯ THE¯MATRIX 	 
& X 	¯ 4HEN¯ IT¯ IS
CLEAR¯THAT¯ 	 
 	 

 
RANK N  fl ¡ °¢ –% X & X ¯4HIS¯HYBRID¯INPUTOUTPUT¯REPRESENTATION¯DENOTED
BY¯
EQ
D ¯ 
EQ
wD D ¯ON¯ X 	¯CAN¯BE¯RELATED¯TO¯AN¯)/’*3¯DENOTED¯BY¯
EQ
IOGJS ¯&ROM
THE¯CONSTRUCTION¯OF¯THE¯MATRIX¯ 	 


& X ¯IT¯IS¯CLEAR¯THAT¯THE¯DUALIZED¯PORT¯
I
Q ¯ADJOINS¯A¯
JUNCTION¯3INCE¯
EQ
wD D ¯AND¯D ¯AND¯D ¯ARE¯EQUIVALENT¯ON¯X ¯
EQ
D ¯IS¯EQUIVALENT¯TO¯D
ON¯X ¯(ENCE¯
EQ
^
X
IOGJS IOGJS  ó
0ROOF¯OF¯4HEOREM¯
,ET¯D ¯DENOTE¯A¯$IRAC¯STRUCTURE¯RELATED¯TO¯ IOGJS ¯ D ¯IS¯REPRESENTED¯IN¯KERNEL¯FORM
	¯ )T¯ IS¯ CLEAR¯ THAT¯ 	 
 	 

  N
  fl ¡ °¢ –% X & X ) ¯ SEE¯ 		¯4HE¯MATRIX¯
	 


% X ¯ IS¯ OBTAINED
FROM¯THE¯MATRIX¯ 	 


% X ¯BY¯REPLACING¯ITS¯ THI ¯COLUMN¯WITH¯THE¯ THJ ¯COLUMN¯OF¯THE¯MATRIX
	 


% X ¯ 3IMILARLY¯ 	 


& X ¯ IS¯ OBTAINED¯ FROM¯ THE¯ MATRIX¯ 	 


& X ¯ BY¯ REPLACING¯ ITS¯ THJ
COLUMN¯WITH¯THE¯ THI ¯COLUMN¯OF¯THE¯MATRIX¯ 	 


& X ¯4HEN
	 
 	 

	 

	 

 
     
     
      
     
     
      
     
     
R X
R X
  fl 
¡ °
¡ °
¡ °
¡ ° ¡ °
¡ °
¡ °
¡ ° ¡ °
¡ °  fl  ¡ °¡ °¢ – ¡ ° ¡ °
¡ °¡ °
¡ ° ¡ °
¡ °
¡ °
¡ ° ¡ °¡ °¢ –
% X & X
L L L
M O M M M O M M M O M
L L L
L L L
L L L
M O M M M O M M M O M
L L L
L L L
L L L
M O M M M O M M M O M
L L L

4HEREFORE¯ 	 
 	 
 	 

 
DET R X  fl  ¡ °¢ –% X & X ¯(ENCE¯
	 
 	 

 
RANK N  fl   ¡ °¢ –% X & X X S ¯4HIS
MEANS¯THAT¯WE¯CAN¯FIND¯A¯HYBRID¯INPUTOUTPUT¯REPRESENTATION¯
EQ
D ¯EQUIVALENT¯TO¯D ¯ON
S ¯4HIS¯$IRAC¯STRUCTURE¯
EQ
D ¯CAN¯BE¯RELATED¯TO¯AN¯)/’*3¯DENOTED¯BY¯
EQ
IOGJS ¯&ROM
THE¯CONSTRUCTION¯OF¯THE¯MATRICES¯ 	 


% X ¯ 	 


& X ¯IT¯IS¯CLEAR¯THAT¯
I
Q ¯ADJOINS¯A¯JUNCTION
AND¯

N J
Q ¯ADJOINS¯A¯JUNCTION¯3INCE¯
EQ
D ¯ IS¯ EQUIVALENT¯ TO¯ D ¯ ON¯ S ¯ IT¯ FOLLOWS¯ THAT
EQ
^
S
IOGJS IOGJS ¯!N¯ EXTENSIVE¯ BUT¯ STRAIGHTFORWARD¯ ANALYSIS¯ SHOWS¯ THAT¯ THERE¯ IS¯ A
4&LINK¯	 
 4&  
I J
D U D ¯WITH¯THE¯RATIO¯OF¯TRANSFORMER¯BEING¯ 	 
R X  ó

0ROOF¯OF¯4HEOREM¯
!SSUME¯ WITHOUT¯ LOSS¯ OF¯ GENERALITY¯ THAT¯ THE¯ RECONNECTING¯ PROCEDURE¯ VIA¯ A¯ GYRATOR¯ IS
APPLIED¯TO¯
I
Q ¯
J
Q ¯ADJOINING¯JUNCTIONS¯ 
I
D ¯ 
J
D ¯RESPECTIVELY¯AND¯ I J ¯&IRSTLY¯APPLY
THE¯PARTIAL¯DUALIZATION¯PROCEDURE¯ TO¯
J
Q ¯!N¯EQUIVALENT¯ )/’*3¯ IS¯ OBTAINED¯WHERE¯
J
Q
ADJOINS¯A¯JUNCTION¯


N 
D ¯AND¯THERE¯IS¯A¯4&LINK¯ 	 


 4& 

 
I N 
D U D ¯WITH¯THE¯RATIO¯OF¯THE
TRANSFORMER¯ EQUAL¯ TO¯ 	 
R X ¯ 3ECONDLY¯ APPLY¯ THE¯ RECONNECTING¯ PROCEDURE¯ VIA¯ A
TRANSFORMER¯ ON¯
I
Q ¯ AND¯ Q ¯ !N¯ EQUIVALENT¯ )/’*3¯ IS¯ OBTAINED¯ WHERE¯
I
Q ¯ Q ¯ ADJOIN



D ¯ 
I
D ¯ RESPECTIVELY¯!LSO¯ THERE¯ IS¯ A¯4&LINK¯ 	 




 
I 
D U D ¯WITH¯ THE¯ RATIO¯ OF¯ THE
TRANSFORMER¯EQUAL¯ TO¯ 	 
R X ¯4HIRDLY¯APPLY¯AGAIN¯A¯PARTIAL¯DUALIZATION¯PROCEDURE¯ TO
Q ¯!N¯EQUIVALENT¯ )/’*3¯ IS¯OBTAINED¯WHERE¯
J J
Q  Q ¯ADJOINS¯A¯JUNCTION¯


N 
D ¯AND
THERE¯IS¯A¯’9LINK¯	 

 
'9
 
 
 
D U D ¯WITH¯THE¯RATIO¯OF¯THE¯GYRATOR¯ 	 
R X  ó
